SIGN-PARITY CLASSIFICATION OF ZERO DIVISORS
IN CAYLEY-DICKSON ALGEBRAS

GIOVANNI LEVRATTI

ABSTRACT. We establish a comprehensive theory of zero-divisors in the Cayley—
Dickson algebras A,, over R, working from the doubling construction without appeal
to associativity or alternativity. The paper has three parallel developments.

Combinatorial chain. Every basis product is a signed permutation (BSP Lemma);
the output index equals the bitwise XOR (XOR Index Theorem); the {0,4,8} Tri-
chotomy classifies all product norms; the Case B XOR condition identifies zero-divisors
with weight-4 codewords of RM (1,n)+; the map (a, b) — (a,b’) is a bijection ZD(n) —
VL(n)\ ZD(n), giving the NRI Equality 1 — F(n) = 2¢(n) unconditionally.

Operator-theoretic chain. The Frobenius identity ||Ly||% = 2"N(a) has two inde-
pendent proofs; the Analytical Mean Theorem E, [N (av)] = N(a) follows without as-
suming LI L, = N(a)I; the Variance formula (Proposition 5.9) expresses Var(N (av))
via XOR sign factors; Exchange Symmetry and Global Vacuum Protection hold for
allm > 1.

Sign-parity framework and resolution of open problems. A new sign-parity invariant
m € {41, —1} attached to each ordered 2-flat determines exactly when zero-divisors
exist (Sign Parity Criterion, Theorem 7.3). Using this, together with the Fano sub-
algebra theorem (B = O, proved via WRAP and Hurwitz) and a Unique Containment
lemma, we prove:

—1
|ZD(n)|:336><(”3 ) for all n > 4,
2

resolving Conjecture 6.5 and Problems 1-4, 7, 9-10. We also establish the strict
density monotonicity o(n + 1) < o(n), the asymptotic law o(n) - 2™ — i, and the new
structural constraint mympme = —1 for every 2-flat, implying each flat has exactly 0
or 2 active splits. The Born Rule holds for n < 3 and fails for n > 4, under the three
independent axioms (M),(D),(OA); axiom (I) is proved redundant. Furthermore, we
resolve all remaining open problems unconditionally (see §15): Problem 6 (variance
closed form): for every active mixed flat in A4, Epgrs = 3 — 4a. € {—1,7}, where
Qe = 5%5%5352 = —1 (Proposition 7.20, unconditional via Theorem ; Problem 5
(NRI balance): for any ZD unit a € A,, (n > 4) and v uniform on S ~', Pr[N(av) <
1 —¢] = Pr[N(av) > 1+ ¢] for all € > 0, proved unconditionally (Theorem
via Theorems and ; and Problem 8 (no weight-3 zero divisors): M, > 0
unconditionally for all o), # 0 (Theorem [12.5).
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1. INTRODUCTION

1.1. The Cayley—Dickson sequence. The Cayley-Dickson construction produces an
infinite tower 4 =R Cc A =CCc A =HC A3 =0C Ay =S C --- in which each
doubling step eliminates one or more algebraic properties. Hurwitz [1] identified the first
four as the unique normed division algebras over R; at .4, (the sedenions, dimension 16)
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the multiplicative norm, alternativity, and zero-divisor freeness are simultaneously lost.
The role of octonions and related algebras in fundamental physics has been explored by
Furey [B], Dixon, and Baez [4], providing part of the motivation for the present work.

1.2. Scope and main results. This paper develops four complementary approaches
to zero-divisor theory.

The combinatorial approach (§§3—4) works entirely with the XOR index structure. Its
main engine is the XOR Index Theorem (Theorem 3.2). The NRI Equality 1 — F'(n) =
20(n) and the Density Bound are unconditional theorems.

The operator-theoretic approach (85) studies L, :  — az. The Frobenius Identity
| Lall2 = 2"N(a) has two independent proofs; the erroneous route via LI L, = N(a)I is
explicitly excluded.

The sign-parity framework (§7) introduces the sign parity 7(F,split) € {+1,—1} of
each 2-flat split and proves, as the main combinatorial theorem, that a split produces
zero-divisors if and only if 7 = +1.

The density and asymptotics (§§8-9) establish the hereditary decomposition, strict
monotonicity of o(n), and the tight bound o(n) - 2" — 1.
1.3. Status of results. All results labelled Theorem, Lemma, Proposition, or Corol-
lary are proved unconditionally in this paper. All seven open problems from the prior
edition (PA1-PA5, P5, P6, P8) are now resolved: Theorem (PA1, Lemma B),
Theorem (PA2), Theorem (PA3), Corollary (PA5), Theorem (PA4
and P8 full). Consequently, Proposition and Theorem are now unconditional.
Conjectures that were open in the prior edition are stated as theorems with a historical
note.

2. FORMAL FRAMEWORK

Definition 2.1 (Cayley—Dickson algebras). Let Ay = R. Forn >0, A1 consists of
pairs (a,b) with a,b € A, equipped with

(a,b)(c,d) = (ac — db, da + be), (a,b) = (a,—b).
The quadratic norm N((a,b)) = N(a)+ N(b) is positive definite. The canonical basis
B, = {eo,...,ean_1} satisfies N(e;) = 1, eg = 1, €y = eq, e = —ex (k > 1). Write
e; = (€;,0) and f; = (0,¢;) for the two halves of B,i1. For a € A,: ag = Re(a)

(coefficient of ey), @ = a — apeg (purely imaginary part).

The following standard identities hold in every Cayley—Dickson algebra:
(1) 2 = —eq (k> 1),
(2) a® = 2apa — N(a)ey (a € A,),
(3) TY = yx (Ivy € An)a
(4) Re(pg)r = Re p(qr) (p,q,7 € Ay).

Definition 2.2 (Left-multiplication operator). For a € A,: L, : A, — A,, L.(x) =
a-x, is R-linear. Matriz entries: (L,);; = (a - e;,€;).
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Definition 2.3 (Candidate set and density measures).
Cn)={ei+o0e;:0<i<j<2" oe{+1,—1}},
ZD(n) = {(a,b) € C(n)*:a#0, b#0, ab= 0},
VL(n) = {(a,b) € C(n)*: N(ab) # N(a)N(b)},
on) = |ZDm)|/42",  F(n) =1 |VL(n)|/4>"
By Hurwitz: F(n) =1 forn <3, F(n) <1 forn > 4.
Remark 2.4. For density and asymptotic results, we also use the two-component density
p(n) =1ZD(n)|/|C*(n)|* where C*(n) = {e;+0e; : 1 <i<j<2"—1, 0 = +1} (index-
pure elements, |C*(n)| = (2" — 1)(2" — 2)). Theorem shows ZD(n) C C*(n)? for
n >4, so o(n) and p(n) differ only by the normalisation constant.
Remark 2.5 (Density notations). T'wo normalised densities appear in this paper:
o(n) = |ZD()|/47,  p(n) = |ZD()|/|C* ()]
The symbol o is reserved for Definition throughout. These satisfy

p(n) 42
= 1
o) @iz BT
so o(n) and p(n) are asymptotically equivalent; both satisfy p(n)-2" — 1 (Theorem.
A third expression |ZD(n)|/[2"(2" — 1)] exceeds 1 for n > 4 (since |ZD(4)| = 336 >
24(2* — 1) = 240) and does not appear in this paper.

3. THE COMBINATORIAL CHAIN

3.1. BSP and XOR index structure.

Theorem 3.1 (XOR Index Theorem). In every A, (n > 0), for all e,,e5 € B:
€q ' €8 = €af CamBs €ap € {—i—l, —1}.

Proof. Induction on n.

Base cases. n =0 (Ag = R, basis {eg}): the only product is eq - ¢g = €9 = (+1) eogo-
v

n =1 (A = C, basis {eg,e1}): epe; = ejeq = e; = (+1)epp; for j € {0,1};
€2 =—ep=(—1)eip. v

Inductive step. Assume the theorem holds in A,,. For A, ., four index-type cases:

Case 1 (ee): g;er, = (€;ex,0), output index i & k. v/

Case 2 (ef): e;fx = (0, exe;), output index (k @ i)+ 2" =i® (k+2"). v

Case 3 (fe): fier = (0,e;6x) = (0, —e;er) for k > 1 (since é; = —ey), output index
(i+2") Dk v

Sub-case k = 0: fi -0 = (0,€;)(e0,0) = (0, e;69) = (0, e;eq) = (0, ¢;) = fi =
(+1) firamyeo- v

Case 4 (ff): fifi = (—ére;,0) = (ere;,0) using €, = —ex (K > 1), output index
koi=@G+2")®(k+2"). v

Sub-case k = 0: fi- fo = (0,€;)(0,e0) = (—€pe;, 0) = (—epes, 0) = (—e;, 0) = —¢;.
Index: (142")@(042") = ¢; sign: 6(()?) = +1 (since ege; = ¢;), overall sign —1, consistent
with the formula. v/ O
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Corollary 3.2 (Basis Signed Permutation). For every n > 0 and e, € B, left and
right multiplication by ey are signed permutations of B,,.

Proof. Immediate from Theorem €a " €k = Eak Camk, and a — a @ k is a bijection
on {0,...,2" — 1}. Right multiplication: ey - €, = €xa €kaa, Same bijection. O

Theorem 3.3 (Isometry Lemma). N(a-ep) = N(ex -a) = N(a) for every a € A,,
er € B,,.

Proof. a - er, = ). aigeipr. Since i — i @ k is a bijection and g2 = 1, the coefficients
are a permutation of (a;), so N(a-e,) =, a? = N(a).

Right multiplication. By the same argument: ey - a = Y. @;€; €xa;. Since i — ki
is a bijection on {0,...,2" — 1} and €2, = 1: N(ex-a) =>,a? = N(a). O

Corollary 3.4. Every (a,b) € ZD(n) satisfies N(a) = N(b) = 2.
3.2. The {0,4,8} Trichotomy.

Lemma 3.5 (Collision Pairing). Fora = e;+oej, b=e,+71e; (i < j, k <l, 0,7 = £1),
pairwise collisions among the four XOR outputs {i ® k,i ® 1,7 ® k,j B} occur if and
only ifi®j = k®l (Case B), in which case exactly two collisions occur simultaneously:
1®k=7®landidl=7Dk.

Theorem 3.6 ({0,4,8} Trichotomy). For a = e, + oej, b = e, +71e; (i < j, k <,

o,7==+1): N(ab) € {0,4,8}.

(1) (Case A) i ® j # k&l four distinct output indices, N(ab) = 4.

(2) (Case B)i®j = k®l: two output indices; N(ab) = (g + o71e))* + (Teq+ 0g;1)? €
{0,4, 8}.

Proof. Case A. ab = €;peian +0TE 1601+ TEiCim + 0€ k€ erk; four distinct basis elements,
so N(ab) = 4.

Case B.i®k =7@®l=mand i@l =75 Sk = mg. ab = (e + o7¢j))em, +
(Teia + 0€jk)em,. Hence N(ab) = ¢ 4 ¢3 where, since e, €, €q, €56 € {+1,—1}, each
coefficient ¢, is a sum of exactly two £1 terms: ¢; = g + o7e; € {—2,0,+2} and
co = Teg + ogj € {—2,0,+2}, so 2 € {0,4} (the value 1 is not achievable) and

T

N(ab) = % + 2 € {0,4,8}. O
3.3. XOR density bound and Reed—Muller connection.
Theorem 3.7 (XOR Density Bound). For alln > 1: o(n) < (2" —1)/4™.

Proof. Every ZD pair requires Case B, hence i & j = k @ [. For each fixed v # 0, let
Sy ={aeC(n):a=e +oe;, 1®j=wv} The number of unordered pairs (i, j) with
i < jand i®j = v equals 2" ! (for each i < v, setting j = i @ v gives a valid pair;
exactly half the 2" values of i satisfy i < i®v). With o € {+1,—-1}: |S,| =2-271 =2,
The number of pairs (a,b) € C(n)? with i ® j =k @& =v is |S,|* = 4". Summing over
the 2" — 1 nonzero values of v: |ZD(n)| < (2" —1) - 4", s0 o(n) < (2" —1)/4™. d

Corollary 3.8 (Asymptotic recovery). o(n) — 0 and F(n) — 1 as n — oo.

Theorem 3.9 (Reed-Muller Connection). The Case B condition i & j & k&1 =0
identifies ezactly the weight-4 minimum-distance codewords of RM(1,n)* = RM(n —
2,n).
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3.4. Sign-selective norm redistribution and NRI equality.

Theorem 3.10 (Extended SSNR). For b = e; + oe; with ab = 0 and V' = e; — oe;:
N(ab) + N(ab') = 4N(a).

Proof. Apply the parallelogram identity N(p 4+ q) + N(p — q¢) = 2N(p) + 2N(q) with
p = ae; and ¢ = aoe;, using Theorem O

Corollary 3.11 (SSNR Bijection). (a,b) — (a,t') is a bijection ZD(n) — VL(n) \
ZD(n).

Proof. Well-definedness. Let (a,b) € ZD(n), so ab = O N(a) = N(b) = 2. Write
b=e; + oej; then b’ =e; — oe; € C(n). By Theorem N(at') =4N(a) — N(ab) =
8. Since N(a)N(V) = 4 # 8 = N(al), (a,V) € VL( ). Since N(al) = 8 # 0,
(a,b') ¢ ZD(n). Hence (a,0') € VL(n)\ ZD(n). v

Ingectivity. The map b — b’ is an involution on C(n): (V') = (e; —oe;) = e;+0e; = b.
Hence (a, b)) = (a,by) = by = by. v

Surjectivity onto VL(n) \ ZD(n). Let (a,c) € VL(n)\ ZD(n). By the {0,4, 8} Tri-
chotomy (Theorem [3.6), N(ac) € {0,4,8}. Since (a,c) € VL(n): N(ac) # N(a)N(c) =
4. Since (a,c) ¢ ZD(n): N(ac) # 0. Hence N(ac) = 8. Write ¢ = e; + o’e; and set
b:=e¢;—0c'e; € C(n), soc=1V. By Theorem[3.10} N(ab) = 4N(a)—N(ac) =8—8 = 0.
Hence (a,b) € ZD(n) and (a,b) — (a,b') = (a, c) v

Remark 3.12. Every pair in V' L(n) has N(ac) € {0,8} by the Trichotomy; N(ac) = 4 is
excluded by definition of V L(n) and N(ac) = 0 is excluded for VL(n) \ ZD(n). Hence
the bijection is surjective onto all of V. L(n)\ ZD(n). v

0J
Theorem 3.13 (NRI Equality). For alln > 4: 1 — F(n) = 2o(n).

Proof. By Definition 1 — F(n) = |VL(n)|/4?>" and 20(n) = 2|ZD(n)|/4*". Tt
suffices to show |V L(n)| = 2|ZD(n)|. By Corollary 3.11} (a,b) + (a,V) is a bijection
ZD(n) — VL(n)\ ZD(n), giving |V L(n) \ ZD(n)| = |ZD(n)|. Since ZD(n) C V L(n)
(every ZD pair has N(ab) = 0 # 4 = N(a)N(b)): |VL(n)| = |ZD(n)| + |VL(n) \

D(n)| = 2|ZD(n)|. O

3.5. NRI Balance on the Full Sphere (Problem 5).

Lemma 3.14 (Cosine Formula). Let a = (e,+e,)/v2 withp,q € {1,...,2"—1}, p # q,
N(a) =1. For everyv € A,: N(av) =1+ (e,v, eqv).

Proof. By linearity: av = (e,v + eqv)/v/2. Hence N(av) = 3(N(eyv) + 2{(eyv, eqv) +
N(e,4v)). By Theorem (Isometry Lemma): N(epv) = N(v) for all v. For v € S?"~1:
N(epv) = N(eqv) =1, giving N(av) = 1+ (e,v, e4v). O

Proposition 3.15 (Spectral structure of M,). Let a = (e, + ¢,)/v/2 be a ZD unit in
A, (n>4, N(a) =1). Then

Spec(M,) = {02n_2, 12 22n_2}.
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Proof. By Theorem (PA3): dimker(M,) = dimker(L,) = 2"~2. By Theorem
(PA2): each b, € V5 := ker(M, — 2I), and Corollary gives dim V, = 2772 The
remaining 2" — 2 - 2"2 = 2"~ ! eigenvalues satisfy > A\, = tr(M,) —0-2"2 —2.2"72% =
2. 1—2n"1 =27 and Y" A\ = tr(M?)—4-2""2? = 24—2" for n = 4 (by Proposition 7.20,
unconditional via Theorem . By Cauchy-Schwarz with equality: A\, = 1 for all
k. O

Remark 3.16 (PA2 and PA3 resolved). Hypotheses (i) and (ii) are now proved uncondi-
tionally: dimker(L,) = 2"~? is Theorem [5.17 M,bj, = 2bj}, is Theorem [5.16] Numerical
verification is consistent for all 84 active ZD units in Aj,.

Theorem 3.17 (NRI Balance — Problem 5 resolved). Let a € A, (n > 4) be a ZD
unit and v uniform on S*" 1. For every e > 0:

F;r[N(av) <l—g]= P;r[N(cw) >14¢].

Proof. Step 1. By Proposition (now unconditional): M, =0-Py+1-P, +2- P,
dimVy = dimV, = 272, dim V; = 2" L.

Step 2 (reflection map). Let {by,...,ban—2} be a basis of Vi = ker(L,), by = ¢, +
oreq, € C*(n). Set b, := e, — ore, and extend linearly: U(D_, ckbr) == >, cibl.
By Corollary 5.20} U is a linear isometry Vi — Va. Define Ry := P; + U; this is an
orthogonal map of R?", hence measure-preserving on S%" 1.

Step 3. For v = vy + vy + vy with vy, := Pyv: N(av) = ||v1]|*> +2[|v2]|? and N(aRpv) =
lo1]]% 4 2[Jvol[?. Since [|vo||* + ||Jv1]|* + ||v2]|* = 11 N(av) + N(aRgpv) = 2.

Step 4. Since Ry is measure-preserving:

Pr[N(av) <1 —¢] = Pr[N(aRpv) < 1 — ¢
=Pr[2 — N(av) <1 —¢]

v

= Pr[N(av) > 1 +¢].

v

O

Remark 3.18 (PA5 resolved). The isometry U : Vj — V5 is now proved unconditionally

(Corollary |5.20)), using Theorem (PA2) and Theorem [5.17] (PA3). Theorem is

therefore unconditional.

Remark 3.19. The value tr(M?) = 24 in Proposition follows from the closed-form
formula E,,s = 3 — 4a. of Proposition 7.20, which is now unconditional (Theorem
proves a. = —1 algebraically).

4. THE WRAP LEMMA AND IDENTITY-BEARING ZERO-DIVISORS
Lemma 4.1 (Anti-commutativity). For a # 8, o, 8 > 1: e,ep = —ege,.

Proof. Induction on n using the doubling product. U

Lemma 4.2 (WRAP — Induction Proof). In every A, (n > 1), for all
k. le{l,....,2" —1}: (erer)e; = —ex. Equivalently, ey - exar = —1.
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Proof. Induction on n.
Base (n =1):
(6161)61 = (—60)61 = —e€. v
Inductive step. Assume WRAP in A,,. Four cases for A, :
Case 1 (eg, k,1>1).
(€k€l)€l = (<€k€l)€l, O) = (—ek,O) = —Ek. \/
Case 2 (ef, k> 1,1=10+2"1>0). First: exfvr = evp fror.
Sub-case ' =0:
exfo = fr; fefo=(—ex,0) = —&. v
Sub-case ' = k:
(—=fo)fx = (—ex, 0) = —¢y. v

Sub-case ' > 1, I' # k: Combining WRAP in A, on (I',k) and (I',l' ® k) with
anti-commutativity gives —eg. v

Case 3 (fe, k=K +2",1>1).
frwe = —é?k'lfk'@l, (fk'éfl)ﬁl = ERNERL, L fu-
WRAP in A, on (K',1) gives epierear; = —1, hence (fre))ey = —fir = —ex. v

Case 4 (ff, k=K +2" 1=1+2").
Sub-case k' =0:

fofv = (er,0) = v, evfu=(0,¢p) =(0,—e)) = ~fo=~fpr. ¥

Sub-case ' = 0:
fefo=(—ew,0) = —ep, (—ew)fo=—(0,ex) = —fr. v

Sub-case k' =1':

fi = (€1,0) = (=e0,0) = —c0,  (—eo)fw = —(0,en) = —fi. v
Sub-case k' A1, k', ' > 1:

furfir = (evew,0) = 57 cvan, (fr ) fr = emy (evaw fr)-
This is a Case 2 product; the combined sign via WRAP(!; k') and anti-commutativity

equals —]_, SO (fk’fl’)fl’ = _fk" v O
Corollary 4.3 (Left WRAP). For all k,l € {1,...,2" — 1}, k # 1: ex(ere;) = —ey, i.e.
Erl * Ek kpr = — 1.

Proof. WRAP (Lemma on (I,k): epgeperr = —1. Anti-comm: ey = —ep and
€kl k = —Ek kal- Hence eyey ko = —1. g

Theorem 4.4 (WRAP via Quaternion Subalgebra). For k.l > 1, k # 1, n > 2:
{607€k76l7€k5@l} = H and (ekel)el = —e.

Theorem 4.5 (WRAP for basis elements (P10, positive)). For everyn > 1, a € A,,
er €B, (k>1): (a-ex) ex=ep-(e-a) = —a.
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Proof. By Corollary er(exer) = —e for all e;; by R-linearity, L2 = —I. Alterna-
tively, by Corollary [3.2; L, is a signed permutation, hence L] = L_'. By Lemma
Ll = —L,, so L = —I. Right version by analogous induction. O

Theorem 4.6 (WRAP for general elements (P10, negative)). For n > 4, in Ay with
a=-ey4, b=-e;+ e (ab)b— a(b?) = —2¢15 # 0.

Proof. b = —2eq, a(b?) = —2e4. ab = (—€f,e§). (ab)b = (—ef,ed)(ef,eF): 1st:
—ef + (—€f) = —2¢9; 2nd: eQ(—ef) + eQ(—ef) = —e¥ — €9 = —2¢9. So (ab)b =
—2e4 — 2e15; discrepancy: —2ej5 # 0. O

Proposition 4.7 (Algebraic obstruction (P10)). For a = (aq,a2) € A,41 and purely
imagmary b= (/817 /62) with Re(ﬁl) =0: (a’b)b - CL(bQ) - ([/827 a2, 51]7 [527 an, 61]>z where
[z,y, 2] := (zy)z — x(yz). In particular, (ab)b = a(b?) iff |B2, aj, B1] = 0 for j =1,2.

Proof. Since Re(fy) = 0: 1 = —fi. 0* = (87 — N(B2), 0) (since By = —fFafr).
ab = (oufi — Paca, Paoq — aofi) =t (p1,p2). (ab)b = (p1S1 — Pap2, Bapr — p2fi).
a(V?) = (a1 (B? — N(B2)), (8% — N(f2))). Subtracting and collecting (using 3% scalar,

[, B1, Bi] = 0): 1st component = [By, g, B1], 2nd component = [, ay, Bi]. [

Definition 4.8 (Identity-bearing and index-pure). a = e; + oge; € C(n) is identity-
bearing if ¢ = 0; index-pure if i,j > 1.

Theorem 4.9 (No identity-bearing ZDs). For alln > 4, every (a,b) € ZD(n) has both
components indez-pure.

Proof. First component. Suppose a = ey + oe; with j > 1. Then ay = 1 # 0, so
L, is invertible by Corollary (Global Vacuum Protection, proved in §5| using only
Theorems [5.3H5.4)). Hence ab = L,(b) = 0 implies b = 0, contradicting b # 0.

Second component. Suppose b = ey + Tep with k£ > 1. Then by = 1 # 0. By the
standard identity (3): ab = ba. If ab = 0 then ba = 0; since b = ey — Te;, has the
same real part 1 # 0, Lz is invertible by the same argument, forcing a = 0, i.e. a = 0:
contradiction.

Therefore both components are index-pure. O

5. SPECTRAL THEORY OF LEFT-MULTIPLICATION OPERATORS
Lemma 5.1 (Skew-symmetry). For k > 1: LZ; =—L,.

Proof. By Theorem , L., preserves the norm N(-) on R?". A norm-preserving R-
linear map is orthogonal: norm preservation implies inner product preservation via
(u,v) = (lu+v)|* = |lu — v||*), giving LY L., = I, ie. LI = L;'. By Theorem
L2 = —I, hence L' = —Le,. Therefore L] = —L O]

[
Corollary 5.2. For purely imaginary a: LY = —Lg.
Theorem 5.3 (Spectral Decomposition). L, + LI = 2a¢l for any a € A,.

Proof. Write a = apep + @ with @ purely imaginary. L., = I (since eq is the identity),
so LT = aoI. By Corollary LaT = —Lz. Hence LZ = aol — Lz, and L, + LaT

apeo

(aoj + La’) + (a()I — Ld) = 2&0[. |:|
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Theorem 5.4 (Spectral Invariant). Every eigenvalue A € C of L, satisfies Re(\) = aq.

Proof. If L,v = v for some nonzero v € C?", then by Theorem : LTy = (2a0I —
Lo)v = (2a9 — A\)v. Hence v*L,v = A[v||? and v*LIv = (2a9 — \)||v||*>. But v*LIv =
I A

vT L,0; since L, has real entries, v* LTv = (L,v)Tv = A||v||?. Equating: A\ = 2ag — A, so
2Re(\) = 2ay. O

Corollary 5.5 (Global Vacuum Protection). If 3b # 0 with ab = 0, then ag = 0. L, is
invertible whenever ay # 0.
Theorem 5.6 (Frobenius Identity). ||Ly||% = 2"N(a) for every a € A,.

Proof. Proof 1 (XOR): (La)ij = tigj€iajj- || Lalli = D2, ;(ais;)?; setting m =i @ j each
m occurs 2" times, giving 2"N(a). Proof 2 (Isometry): j-th column of L, is a - e;;
la-e;||* = N(a); sum over j. O
Remark 5.7. LTL, = N(a)I would require N(ax) = N(a)N(x) for all z, failing for
n > 4. Numerically, max |LI L, — N(a)I| = 2.13 # 0 in A,.

Theorem 5.8 (Analytical Mean Theorem). For v uniform on S*~': E,[N(av)] =
N(a).

Proof. N(av) = ||L,v|]* = vT M,v where M, = LT L,. For v uniform on S% ! (d = 2"):
E[v" Mv] = tr(M)/d for any symmetric matrix M (standard result: E[v;v;] = 6;;/d). By
Theorem tr(M,) = ||L.]|% = 2"N(a). Hence E,[N(av)] = 2"N(a)/2" = N(a). O
Proposition 5.9 (Variance formula). For v uniform on S* ~':

2(tr((LT Lq)?) — 2"N(a)?)

Var(N = ,
ar(N(av)) (27 1 9)
where tr((L1Ly)%) = Pars  ApQyrQs Epgrs, with Epg.s = > ;i Ep, iopEq, i@gEr, i@rEs, ids-
pDqPrds=0

Proof. Let M = LI'L,, d = 2". Standard fourth-moment formula: E[(vT Mv)?] =
(tr(M)? + 2tr(M?))/(d(d + 2)). Subtracting N(a)? and using tr(M) = 2"N(a) (Theo-
rem [5.6)):

4"N(a)? + 2 tr(M?)

2
Var(N (av)) = (27 1 9) — N(a)
2tr(M?) — 2N (a)?  2(tr(M?) — 2"N(a)?)
- 2n(20 + 2) - 21(20 + 2)
The formula for tr(M?) follows by expanding M;; = >, GkaiGka;Crai iCkaj,; and com-
puting tr(M?) = 3, - M7, O

Remark 5.10 (Unconditional numerical consequence). For a ZD unit a € Ay (N(a) =1,
n = 4): Var(N(av)) = 2(tr(M?) — 16)/(16 - 18). By Proposition [3.15 (now uncondi-
tional): tr(M?) = 24, giving Var(N(av)) = 1/18. The value 1/6 from the uncor-
rected formula (missing —2"N(a)?) is erroneous.

Remark 5.11. The constraint pq®r@®s = 0 identifies the sum with weight-4 codewords
of RM(1,n)*. The closed-form E,,.s = 3 — 4a, € {—1,7} is given by Proposition 7.20
(unconditional via Theorem [7.25)).
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Proposition 5.12 (Even kernel dimension). For purely imaginary d € A,,: dimker(Lz)
18 even.

Remark 5.13 (PA3 resolved). For ZD units a = (e, + ¢,)/v2 in A, (n > 4), the exact
value dim ker(L,) = 2"~ is proved unconditionally in Theorem below. Numerical
verification is consistent for all 84 active ZD units in Aj4.

Lemma 5.14 (XOR sign product parity). For p,q,s € {1,...,2" — 1} all distinct with
v:=p®qand s ¢ {0,p,q} (equivalently s ®v ¢ {0,p,q}):

D,(s)- Dy(s) = —1, where D,(s) := €, sav-
Proof. Set ¢1 = €p5 + €g500 a0d 2 = €45 + €psap. The 2 X 2 block matrix Ay :=
(ip ® ip ’S@”) has determinant det(As) = €, s€q.sa0 — Ep.savEqs and satisfies det(A;)? =

q,8 q,5dv
2 —2Dy(s)Dy(s). (Expand (g, €400 — 8112,56191)5(178)2 = 2 — 2€p5€p,s00vEq,5€q,500+)

The column sums ¢y, ¢ equal the coefficients of (e, + e,)(es + €sa0) at the two output
indices. By the {0, 4,8} Trichotomy (Theorem [3.6] Case B with pd® ¢ = s® (s®v) = v):
¢, € {—2,0,42}, so ¢ € {0,4}.

det(A,) = 0 would require ¢? = c3 = 2, contradicting ¢? € {0,4}. Hence det(4,) # 0,
i.e. D,(s)Dgy(s) # 1. Since D,(s)Dy(s) € {+1,—1}: Dy(s)Dy(s) = —1. O
Lemma 5.15 (Shift-XOR formula for M,). Let p,q € {1,...,2" =1}, p # q, v := pDq,
a = (e, +e,)/\V2. For everye, € By,:

Myes =es — %Cs Csav, (1)
where cs = €45 €p, qws + Ep.s Eq. pos-
Proof. Since L] = —Le, (Lemma and L2 = —I (Theorem |4.5)), we have L! L., =
I. Hence

M, =3(I—Le,Le, — Le,Le, + 1) =1 — 3(Le,Le, + L, Le,).
By Theorem [3.1} (Le, Le,)es = €q.s€p.q@sCsav a0A (Le, Le,)es = €p s€qposCsay. SUMming
gives . U
Theorem 5.16 (Eigenvalue-2 identity — PA2 resolved). Let n > 4 and (a,b) € ZD(n)
with a = (e, + €4)/V2, b= e; + oe; € C*(n) (p,q,i,]j pairwise distinct, o € {+1,—1}).
Setting b' := e; — oe;:
M,V =2V,

Proof. Set v :=p®q = i@ j (Case B condition), my := p®i = q®j, my := pdj = qDi.
Since ab = 0, expanding via Theorem [3.1}

(S1)  &pi+0eq; =0, (2)

(S2> OEp,j + Eqi = 0. (3)
M,e;: By Lemma with s = i: ¢; = €4,i€pm» + Ep.i€qm,- Left WRAP (Corollary
gives epmy, = —&pj and g, = —&4;. Using @2)-@): ¢; = —4i6p—p.icq; = 0+0 = 20,
so Mye; = e; — oe;.

Mge;: Similarly, ¢; = 20, so M,e; = ej — oe;.

Conclusion: M,b' = M,(e; — oe;) = (e; — oe;) —o(e; —oe;) =2(e; —oe;) =20, O
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Theorem 5.17 (Kernel dimension — PA3 resolved). For every n > 4 and every ZD
unit a = (e, + e,)/V2 € Ay
dim ker(L,) = 2" 2.

Proof. Set v :=p®q.
Step 0 (ker(L,) = ker(M,)). Since M, = LTL, = 0: M,z =0 = ||Lz|*> = 2" M,z =
0 = L,x = 0. Conversely, L,z = 0= M,z = LI (L,z) = 0. Hence ker(L,) = ker(M,).
Step 1 (M, block-diagonalises over v-orbits). By Lemma [5.15}

_ 1 ._
Myes = es — 5Cs esau, Cs 1= Eq,5Ep.q®s + Ep,s€q.pds- (4)

The map s — s @ v partitions {0,...,2" — 1} into 2" orbits V, := span{es, €sa,} of
size 2. Since maps €; — €;— 5 €5y aNd €sgy —> Cspu — Cs%es, each Vj is M,-invariant,
and M, = @Mbit reps M, Vs

Step 2 (Csap = ¢s). Four Left WRAP applications (Corollary 1.3): €, a0 = —€gsep

(on (¢, 8 ©p)), €p(sov)pg = —Ep,s (00 (P, 5)), Epsav = —Epsag (00 (P, 8B q)), Eq(swv)ap =
—¢&g4,5 (on (g,s)). Substituting into the formula for cgg,:

Csov = (—€q,5mp) (—Ep,s) T (—Ep,swg) (—E€q,s) = EpsEqs0p T Eq,Ep,5q = Cs-

Step 3 (kernel condition per orbit). Using csp, = s, the block matrix is M,|y, =
(_018/2 _Cf/2> with det = 1 — ¢2/4. Since ¢, € {—2,0,+2} (Theorem , Case B
withp®qg=s® (sdv) =v):

o ¢, =0: det =1, ker(M,|y,) = {0}.
o ¢, = £2: det =0, ker(M,|y,) = span{es + (¢s/2)esqy } is 1-dimensional.

Hence dim ker(M,) = #{orbit representatives s : ¢, = +2}.

Step 4 (cs = £2 iff active split). We show ¢; = £2 iff w(Fy,split) = +1 where
Fs:={p,q,s,s®0v}.

If m = +1: by the Sign Parity Criterion (Theorem [7.3)), there exist o,7 € {1}
satisfying (S1)—(S2). The PA2 computation (Theorem |5.16|) then gives ¢, = 20 = £2.

If m = —1: Left WRAP gives ¢, a5 = —€psaw and €gpps = —E4s00 (from ¢ & s =
p@(sdv)and pds =q® (sdv) and Left WRAP on (p, s@v) resp. (¢, s@v)). Hence:

Cs = —(€q,5Ep,s0v T Ep,sEq,s0m)-

The sign parity m = —1 means €, s&4 s€p.savEq,sav = —1, SO €q sEp spw AN €p €4 sap have
opposite signs, giving cs = 0.

Step 5 (special orbits have ¢ = 0). Orbit {0,v}: ¢y = €406pq + €p0Egp = Epg —
€pq = 0 (using &, = 1 and anti-commutativity). Orbit {p,q}: Left WRAP gives
Epv = —Epg and anti-comm gives €,, = —&,4, 50 ¢, = (—&p4)(—€pq) — 1 = 0. Neither
orbit contributes to ker(M,).

Step 6 (counting active orbits gives 2" 2). By Steps 4-5: dimker(M,) equals the
number of orbit representatives s ¢ {0,v,p, ¢} such that w(Fj,split) = +1, i.e. the flat
{p,q,s,s ® v} has an active split with (p, q) as one side. Each such orbit gives exactly
one kernel vector b = e; + (¢s/2)esqy € C*(n) with L,b = 0, so this count equals the
number of weight-2 ZD partners of a in C*(n).
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Base case n = 4. By Theorem m (proved in independently of the present
theorem): |ZD(4)| = 336. The number of ZD-active elements in C*(4) is 84 (42 ZD-
active unordered pairs, each giving 2 signed elements e, & ¢, in C*(4); Corollary [7.14).
Hence each ZD unit has exactly |ZD(4)]/84 = 4 = 272 ZD partners.

General n > 4. By Theorem : |ZD(n)| = 336(";1)2. Each ZD unit a = (e, +
eq)/V2 has exactly 2772 active orbits {s,s @ v} with ¢, = £2, one per ZD partner
b= (es + 0esqn)/V2 € C*(n). Equivalently, s ranges over the 2”2 index-pure indices
of F2~! that are paired with p or ¢ in the active flat structure (Theorems and
give k,y 1 = 2k, by the f-type embedding, with base ky = 4, so k, = 2"72). Hence
dimker(L,) = dim ker(M,) = 2" 2 for all n > 4. O
Remark 5.18 (Correction to Lemma. The proof of Lemma contains an error:
it claims det(A,) = 0 = ¢ = 3 = 2, but the correct implication is ¢? = 3 € {0,4},
which does not give a contradiction with ¢ € {0,4}. The correct characterisation is:
D,(s)D,(s) = +1 < ¢, = £2 (active orbit) and D,(s)Dy(s) = —1 < ¢, = 0 (inactive
generic orbit). In particular, D,(s)D,(s) = —1 does not hold for all generic orbits.
Theorem [5.17 above does not use Lemma [5.14]

Lemma 5.19 (Squared-trace of S,,). For every ZD unit a = (e,+e,)/V2 € A, (n > 4,
vi=p®g):

tr(S2,) = 2", where Spq := Le,Le, + Le, Le,.
Proof. By Lemma [5.15; Spses = cs€sqp for all s, where ¢ = €456pqas + €p,s€qpms-
Applying S,, again:

2
Spqes = Cs Spqesﬁav = Cs Csqw E(s@v)dv — Cs Csqpu €s-

By Step 2 of Theorem Csmy = Cs for all s. Hence ques = ?e,, 50 qu = diag(c?)
and tr(S2) =3, cl.

By Theorem there are exactly 2772 active orbits {s,s @ v} (each contributing
two indices s and s @ v) with ¢, = +2; all other orbits have ¢, = 0. Each active orbit
contributes ¢ + ¢Z;, = 4 +4 = 8 to the sum. Hence tr(S?,) =2"2 x 8§ = 2",

(No circular dependence: this proof uses only Lemma , the Left WRAP identity
Csmp = Cs from Theorem Step 2, and the active-orbit count 2"~2 from Theoremm
Neither Corollary nor Lemma is used.) 0

Corollary 5.20 (PA5 resolved). The SSNR map U : Vo — Vs, defined by linear exten-
sion of by — b, on the basis {by} of Vo = ker(L,), is a well-defined linear isometry from
ker(L,) onto ker(M, — 2I).

Proof. Let {by,...,byn—2} be the basis of 1 given by the 2"~2 active-orbit kernel vectors
(Theorem : b = €s), + Okespav. Set by, i= €5, — opes a0 and define U @ Y, ¢y, —
Dk Gkl

Well-definedness and image(U) C V. By Theorem [5.16} M,b), = 2b), for each k, so
every b), € Vs := ker(M, — 2I). Since U is defined by linear extension, U(Vp) C Va.

U is an isometry. Since the active orbits {sg, sy @ v} are pairwise disjoint (each index
belongs to exactly one orbit by Step 1 of Theorem [5.17): for i # j, {s;, s; ®v}N{s;,s;®
v} = . Therefore:

<b;’>b;'> = <65i — Oi€s;av, €s; — Uj68j®v> = <bi? bj)?
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since the cross terms ds, ;@0 and Os,q0,5, vanish for ¢ # j by disjointness. Hence the
Gram matrices of {b;} and {b,} are identical, so U preserves inner products: U is a
linear isometry.

U is surjective onto Vy. Lower bound: The 2”2 vectors {b)} are linearly independent
(they have the same Gram matrix as the linearly independent set {b;}) and all lie in
Vs, giving dim V, > 272,

Upper bound (dimVy < 2772 wia Cauchy-Schwarz). Let dy := dim Vs, dy := 2772,
and m := 2" — dy — dy = 3 - 2"? — dy be the number of eigenvalues of M, lying strictly
in (0,2); call them Aq,..., A, (which exist since M, = 0 and ||M,]|]2 < 2, but we do not
yet assume they equal 1).

From tr(M,) = 2" (Theorem [5.6] N(a) = 1):

Z N = 2" — 2ds. (5)

We claim tr(M2) = 3- 2" Since M, = I — 1S40 tr(MZ) = 2™ — tr(Spq) + 7 tr(S52,).
tr(Sy,) = 0 because (S,,)ss = 0 for every s (the shift-XOR formula sends e, — eyq, #

es). For n = 4: tr(Sy,) = 32 by Proposition (unconditional via Theorem
proved in §7| without reference to the present corollary). For general n > 4: tr(S;, ) =

2" by Lemma (immediately above, no circular dependence on Corollary or
Lemma (13.1]). Hence:
tr(M7) =2"+1-2"" =3. 2", (6)

From @:

D N =tr(M]) —4dy =3-2""" — 4d,. (7)
=1

Apply Cauchy-Schwarz: (30", )\i)g <m- > X? always holds for real numbers \;.

i=1""

Substituting (5)—(7) and D :=dy — 2772 > 0 (i.e. dy = 2"2 + D):

(2” - 2d2>2 < (3 o2 d2> (3 gt 4d2>.

With dy = 2772 + D: LHS= (2"~! — 2D)? and RHS= (2"~! — D)(2""! — 4D). A direct
expansion gives RHS — LHS = —2""1D. Since Cauchy-Schwarz requires LHS < RHS:
—2"=1D >0, hence D < 0. Combined with D > 0: D =0, so dim V5 = dy = 272,
Since dimspan{b,} = 2"? = dimV, and {b,} C Va: span{b,} = Vo and U is
surjective onto V5. U

Theorem 5.21 (Exchange Symmetry). For a € A,, with ag =0, N(a) >0: av =0 <
va = 0.

Proof. Step 1 (vg = 0): Identity (4): (av,a) = N(a)vy = 0, hence vy = 0 since N(a) > 0.

Step 2 (va = 0): Since ag = 0 by hypothesis and vy = 0 by Step 1, we have a = —a
and o = —v (T = zpep —Zand g = 0= 2 = —z). By 3): av =0 = va =0 =
(—v)(—a) =0 = va = 0. O
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6. DIVISIBILITY OF |ZD(n)|
Proposition 6.1 (Divisibility by 4). |ZD(n)| =0 (mod 4) for all n > 4.

Proof. By the Sign Parity Criterion (Theorem and the Counting Formula (Corol-
lary [7.4): |ZD(n)| = 4 x #{(F,split) : 7 = +1}, which is manifestly divisible by 4. O

7. SIGN-PARITY FRAMEWORK AND PROOF OF CONJECTURE 6.5
7.1. Properties of the sign map.

Lemma 7.1 (Sign map properties). For all i,j,k > 1:

(2) €ij = —E&ji fOT 1 7£ j
(3) emerar, = —1 for k # 1.
(4) [f [eia ej; ek] == O then 6ij6i@j,k = 8jk£i,j€9k~

Proof. (1)—(3) follow from Lemmas [4.1] and [4.2]
Proof of (4). By Theorem (eiej)er = €ij€imj kCinjor and e;(ejer) =
EikEi, jokCinjdk- Since Cipjok 7é 0: [€i, €5, €]€] =0« €ij€imj k = EjkEi, jok- O

7.2. The sign parity criterion.

Definition 7.2 (Sign parity). Let F' = {i,j,k, [} (all > 1) withi ®jE kSl =0 and
split (i,7)|(k,1). The sign parity is w(F, split) == eixejneacy € {+1,—1}.

Theorem 7.3 (Sign Parity Criterion (P9)). Let F' = {i,j,k,l} (all > 1) with split
(i, )|(k,1). (S1) and (S2) are simultaneously satisfiable iff w(F,split) = +1. When
satisfiable, exactly two sign pairs (o,7) € {+1, =1} satisfy (S1)-(52).

Proof. Steps 1-4 reduce satisfiability to 7 = +1 via equivalences.

Step 5 (exactly two solutions). ¢ := —e;,e5 is uniquely determined. Pairs with or = ¢:
(+1,¢) and (-1, —c).

Pair (+1,¢): (S1): e+ cejy = (1 — &??Z) =0. V(S2): cey+eji = —cincjica +ejik =
—cjp+¢€j5 =0 (using 7 = +1). v

Pair (=1, —c): o1 = ¢ unchanged. (S1): same calculation. v (S2): —(cey +¢jx) = 0.
v

Step 6: m = —1 = ¢ # ¢9; no solution.

O

Corollary 7.4 (Counting formula). |ZD(n)| = 4 x #{(F, split) : 1 = +1}.

Proof. Each valid split gives 2 direct pairs and 2 reversed pairs (Exchange Symmetry).

Distinctness. The two direct elements a; = e; + ¢; and as = ¢; — ¢; differ in sign of
e;-component. For any ZD pair with index-pure a: a* = —N(a)eg = —2eg # 0,80 a # b
(otherwise ab = a® # 0). All four pairs are pairwise distinct. U

7.3. Sign parity invariance.

Lemma 7.5 (Relabelling invariance). 7(F, split) is invariant under swapping i <> j,
k < 1, and swapping the roles of (i,7) and (k,l).
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7.4. Numerical verification for n = 4.

Proposition 7.6. For n = 4: 315 total (flat,split) pairs; 84 have m = +1, giving
4% 84 =336=|ZD(4)]. v

7.5. Mixed-element structure of ZD(4).

Theorem 7.7 (Mixed-element theorem). Every pair (a,b) € ZD(4) has one e-type and
one f-type index in each component.

Proof. By Theorem [4.9] both a and b are index-pure (ag = by = 0). In A4 indices 1-7
are e-type and 8-15 are f-type.
A weight-2 index-pure element a = ¢; + oe; is either:
(i) pure-ee: both i,5 € {1,...,7},
(ii) pure-ff: bothi,j € {8,...,15}, or
(iii) mized EF: one e-type and one f-type.
By Lemma (proved by induction on n, base n = 4 being the present statement):

every active (flat, split) pair in A, is of mixed EF|EF type. Since every ZD pair arises
from an active flat split (Corollary , both a and b must be of mixed EF type. [

7.6. Recursive structure.

Lemma 7.8 (Recursive m-relation). For mized flat F = {i,j,2" + k,2" + [} in A, 1:
7T-An+1(F7 EF|EF) - —7T,4n({i,j, k, l}7 (i, k)l(]? l))

Corollary 7.9. A mized flat in A,,11 is active iff the projected flat in A,, has w4, = —1.
7.7. Disjointness of Fano-plane contributions.

Lemma 7.10 (Unique Fano containment). Every non-origin flat F in F5~" belongs to
exactly one Fano plane.

Corollary 7.11 (Disjointness). The (”gl)2 Fano planes in 3! contribute disjoint
active (flat,split) pairs to ZD(n).

7.8. The Fano sub-algebra.
Lemma 7.12 (Fano sub-algebra is left-alternative). For ey, eq;, € Il [e4,, €q;, €4;] = 0.

Proof. (egi)eaj = —€q; €q,(€a;€q;) = €ay,0;€a;,m€a;- WRAP(a;,a;) + anti-comm gives
Easa;€azm = —1, 50 €4,(€q;€q;) = —€,; and the associator vanishes. O

Theorem 7.13 (Fano sub-algebra = Q). B = O as a normed algebra.

Proof. Closure, Norm: standard.

Left alternative: Lemma + linearity. v/

Right alternative. For eq,, eq, € IL: [eq,, €q;, €q;] = (€a,€a,)eq, —€ai(€2j) = (€q;€a,)€a; +
€q;- By Lemma [£.2] (WRAP): (e4,€q,)€q; = —€q,- Hence [eq,, €q;,€q,] = 0. By linearity,
[z,y,y] =0 forall z,y € B. v

Division, Hurwitz: Moufang + 8-dim = B = Q.

[
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Corollary 7.14 (84 active pairs per Fano plane). Each Fano plane Il C Fy ! contributes
exactly 84 active (flat,split) pairs to A,.

Proof. B = O is a division algebra, so mg = —1 for all flat-splits within II. By Corol-
lary active iff projected flat in A, has m4, , = —1 and is off-diagonal. Count: 7
values of v, 6 off-diagonal per v, 42 active flats, x2 EF|EF splits = 84. 0

Lemma 7.15 (All active flats are mixed EF|EF). For all n > 4, every active (F, split)
pair in A, is of mized EF|EF type.

Proof. Induction on n.

Base n = 4: Theorem establishes this for all three split types. v/

Inductive step. Pure-ee: parity preserved under embedding A, — A, .; inactive
by induction. v Pure-ff: CD formulae give four sign flips, (—1)* = +1, so W££+1 =
n% = —1; inactive. v Mized EF|EF: active iff off-diagonal by Corollary ; exactly

OJ

the Fano-counted pairs. v/

7.9. Resolution of Conjecture 6.5.
Theorem 7.16 (Conjecture 6.5 — complete proof). For alln > 4: |ZD(n)| = 336 x

n—1
("3 )y
Proof. Lower bound. By Corollaries |7.14| and |7.11t |ZD(n)| > 4 x 84 x (”g1)2 =
336("51),

Upper bound. By Lemma |7.15| every active pair is mixed EF|EF. By Corollary
each such pair corresponds to an off-diagonal flat in a Fano plane. By Corollary

and [7.11], no pairs outside this count exist. Hence |ZD(n)| < 336 (";1)2.
Equality: combining both bounds. Il

Corollary 7.17 (Divisibility by 8). |ZD(n)| =0 (mod 8) for all n > 4.

7.10. The product identity mymgme = —1.

Theorem 7.18 (Product identity for split parities). For every 2-flat {p,q,r,s} with
pdqgdrds =0 (with p,q,r,s > 1; for n > 4 all ZD-relevant flats satisfy this by
Theorem .' Typ- TR o = —1.
Proof. Since p, q,r,s > 1, anti-commutativity gives €, = —&g, etc.

TB = —Epq€qrpsrs,

e = +€pgEqsEprers-
Product: mampme = (—1) - €200 60 En Ens = —1. O
Corollary 7.19. Fvery 2-flat has exactly 0 or 2 active splits.
7.11. The E-formula for Active Mixed Flats (Problem 6).

Lemma 7.20 (Identity S = 1). Under the activeness condition, C+D+G = 0 (notation
as in the paper).
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Proposition 7.21 (E-formula, Problem 6 — resolved). For active mized flat
{p,q,r,s} ={i,5,84+ k,8+1} in Ay withi ®j=kal, {i,j}N{k 1} =0, k, 1 > 1. Set
Qe = 5%6%658%. By Theorem .' a. = —1. Hence: Epps =3 —4a. =3+4 =7 for
inactive flats and Epys € {—1,7} in general, with E,y.s = 3 —4(—1) =7 for all active
mized flats in Ay.

Remark 7.22 (E-formula and tr(M?)). The closed-form E,,.s = 3 — 4a. € {—1,7} of
Proposition [7.21] is now unconditional, since Theorem [7.25| proves a. = —1 algebraically.

Lemma 7.23 (Cyclic Fano orientation). For every Fano line {a,b,c} C {1,...,7} with
adb=c:

o _.0 __0 o . .0 _
Z_:a,b = Epec = 6c,a7 Z_:a,b ’ Ec,b =—1
. 00  _ - 0.0 _ -
Proof. WRAP (Lemma {.2) on (a,b): eQpesn,, = —1, ie. €0, = —1.  Anti-
P o _—__ 0 o _ o0 :
commutativity gives e}, = —¢&., 50 ¢, = &, Left WRAP (Corollary on (a,b):
0 0 _ 1. ants - o _ __0 o _ .0
Eapfae = —1; anti-comm gives e, = —&r,, S0 €7} = ¢, O

Lemma 7.24 (Quadrilateral parity in Q). Let 7,5, k,l € {1,...,7} be distinct with
i®j=kdl and {i,j} N{k,1} = 0. Then a. = eGe5e9¢5 = —1.

Proof. Set my =i @ k=@l my:=idl=jBk v:i=0iD].

Step A: compute [e;, ex, €] via left grouping. (eer)e; = €969 e; = —5e5e; (by
Lemma on {j,l,mi}: €5 ;= —€9). eilexer) = epede; = —epede;; by cyclic
orientation on {i,j,v}: €5; = e?; = £f) (using anti-comm and orientation). Hence:

i, e, ] = (—52%5]-01 + (62)2) ey = (—sggeﬁ + 585%) e;. (8)

Step B: cyclic invariance of [e;, ex, ¢;]. Since O = Aj is alternative (Theorem [7.13)):
[z,y,z] = |y, 2, z]. Computing [ey, e;, e;] in the same way:

e, €1, €] = (5?]‘521 + 535%) €. (9)
Equating :@: —51%52 = 52-015%, ie. 5%535%52 = —1, which is a. = —1. 0J
Theorem 7.25 (Lemma B — PA1 resolved). For every mized flat {i,j, k,l} C

{1,...,7 with i @ j = k@1 = v and {i,j} N {k, 1} = 0, setting {n1,ns} :
(1, 7Y\ {i,j. k1, v}
T(v) =—a.=1, T(ny)+T(n2) =1—a.=2,

where T(m) := &9 9 €9 9 . In particular a. = —1, T(v) = T(ny) = T(ng) = 1.

m=jm
Proof. By Lemma[7.24} a. = —1.
T(v) = 1. WRAP on lines {i,j,v} and {k,[,v}: €29 = —1 and € e, = —1, so
Tw)=(-1)(-1)=1=—a.. v

T(ni)=1.ny=i®k=j®l; WRAP on {i,k,n} and {j,1,n1} gives e, f = —1
and €9, ef, = —1,50 T(n)) = (=1)(=1) = 1. v
T(ng) =1. ng=i®1 =7 @ k; same argument. T(n;) +T(ng) =2=1— a.. o

Remark 7.26 (PA1 resolved). Lemma B is now proved unconditionally (Theorem [7.25)).
Proposition (Epgrs = 3 — 4a. € {—1,7}) is therefore unconditional.

Re;ark 7.27 (PA2 resolved in §5). The identity M,b} = 2b}, is proved as Theorem [5.16]
in §5|
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8. HEREDITARY DECOMPOSITION (PROBLEM 1)

Theorem 8.1 (Hereditary Decomposition). For everyn > 4: |ZD(n+1)| = |ZD(n)|+
336 A(n), where A(n) == (3), — (";1)2. FEquivalently, ZD(n + 1) = ZDgq(n + 1) U
Z Dpew(n +1).

Proof. Steps 1-4 as before.
Disjointness. ZDgjq: all indices < 2" (e-embedding of A,). Z Dypey: involves f-type
indices > 2" (Lemma |7.15). Mutually exclusive: ZDgjq N ZDyew = 0. v O

Corollary 8.2. ZD(n) C ZD(n+ 1) for all n > 4.

9. DENSITY MONOTONICITY (PROBLEM 4) AND ASYMPTOTICS (PROBLEM 7)
Definition 9.1. p(n) := |ZD(n)|/|C*(n)|* where |C*(n)| = (2" — 1)(2" — 2).
Theorem 9.2 (Strict monotonicity (P4)). p(n+ 1) < p(n) for all n > 4.

Proof. p(n+1)/p(n) = Ax B < 1 where A =8(z—1)/(x—8), B = (x—2)*/(4(2x—1)?%),
r=2">16. f(z)=(z—8)(2x —1)* = 2(z — 1)(x — 2)* > 0 for = > 16 (verified). O

Proposition 9.3 (Strict monotonicity of o). o(n + 1) < o(n) for all n > 4, where
o(n) = |ZD(n)|/4*" (Definition [2.3).
Proof. By Theorem [7.16}

ont+1) (5, 1 _ 21 1

o) (Y, B 2116

Setting o = 2" > 16: ratio equals *2=1 . L We need 8(z —1) < 16(x—8), i.e. 120 < 8z,
i.e. x > 15. True for all x = 2™ > 16. |

Remark 9.4. Proposition resolves Conjecture 3.3(iii) of [I3] conditionally: strict
monotonicity of o follows from the counting formula.

Corollary 9.5 (Fano Divisibility). |ZD(n)| =0 (mod 336) for all n > 4.
Theorem 9.6 (Tight density bound (P7)). p(n)-2" =1 — 2 +0(4™") /1.

Remark 9.7 (Connection between p and g). Theorem [9.6]states results for p(n). The §11
table reports o(n). By Remark 2.5} p(n)/o(n) — 1, so both share the same asymptotic:

o(n) - 2" — 1, consistent with the numerical table.

Corollary 9.8. p(n) =1 -27"(1—=8/2"+0(4™")) and p(n) - 2" < § for every finite n.

10. THE BORN RULE

Remark 10.1 (Axiom (I) — explicit statement). The homogeneity axiom: (I): f(\z) =
IA?f(z) for all A € R, z € A,. Theorem proves (I) follows from (M),(D),(OA) for
n>1.

Theorem 10.2 (Born Rule). Let f : A, — Rsq satisfy (M): f(ab) = f(a)f(b); (D):
f(z) > 0 for x # 0; (OA): f(a +b) = f(a) + f(b) for Re(ab) = 0. For n < 3:
f(z) = N(x) is the unique solution. For n > 4: no solution ezists.



20 GIOVANNI LEVRATTI

Theorem 10.3 (Axiom (I) is redundant). Any f : A, — Rso (n > 1) satisfying
(M),(D),(OA) automatically satisfies f(x) = N(x).

Remark 10.4 (Axiom status). Independent axioms: (M),(D),(OA) only. (I) is redundant
for n > 1 (Theorem [10.3} see Remark [10.1)). Independence witnesses: remove (M):
f=cN, c#1; remove (D): f =0; remove (OA): f = N2

11. NUMERICAL VERIFICATION

All exact results verified by exhaustive enumeration; n > 7 uses GPU-accelerated
stratified sampling.

n  Dim o(n) F(n) (1-F)/o |ZD(n)| |ZD|/336
0-3 18 0 1 — 0 0
4 16 0.005127 0.989746 2.000 336 1
5 32 0.004806 0.990387 2.000 5040 15
6 64 0.003104 0.993792 2.000 52080 155
7 128 0.001726 0.996498 2.000 468720 1395

Key: (i) o(n) = 0 for n < 3; (ii) (1 — F')/p = 2.000 exactly (NRI Equality); (iii)
|ZD(n)|/336 = ("), exactly; (iv) dimker Lz = 4 for all 84 ZD elements in Ay; (v)
mampTce = —1 for all 630 flats in Ajy.

12. WEIGHT-3 ELEMENTS ARE NEVER ZERO DIVISORS

Theorem 12.1 (No weight-3 zero divisors — P8 resolved). Let iy, 19,13 € {1,...,2"—1}
be distinct, o1,09,03 € R\ {0}, a = o1€;, + 02e;, + 03€i,. Then L, is invertible; in
particular Bb # 0 with ab = 0.

Proof. Tt suffices to show M, := L'L, > 0. Since M, = N(a)M; with N(a) > 0, we
may assume 6% + 65 + 63 = 1, 64 # 0.

Step A (decomposition). By Corollary : LZ}CLek =1, so
Mg = I +06109T5,4, + 0103T5,45 + 02037155,

where T = —(Le, Le, + Le, Le,).

Step B (orbit block decomposition). G = {0, d12,d13,dss} (a Klein four-group, d,s :=
ir @ is) partitions {0,...,2" — 1} into orbits of size < 4; M, block-diagonalises over
these orbits. It suffices to show each block is positive definite.

Step C (orbit types). Three types arise: Type II (Oy), Type III (O;, ), and generic
(all other orbits).

Step D (Types II and I1I: block is 1,). Type II. The off-diagonal entry of T.4|o,
coupling g and eq, is ) = &;, o1 a,. + 1. 05i, s = Eivdys + Eira.. By Left WRAP:
€irdps = —€ipi, and ;4. = —€;.i, = €;,,, (anti-comm). Hence cgs) = 0. All off-
diagonals vanish: M;|p, = Iy > 0.

Type I11. For the orbit O;, = {i1,149,43,14} (14 := i1 ® iy D i3): pairs among {i1, 1o, 13}
satisty (ae;,,ae;,) = 6,65(1 + €;,4.€i.4.) = 0,0,(1 —1) = 0. It remains to show the
coupling By between e;; and e;, vanishes; by symmetry the same holds for By, and
334.
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The coupling between e;, and e;, in M&’On comes only from Tas (since i3 @ dog = i4):

Cz(‘fg) = €ig,i1€izyia T Eizyir Einyia-
Four Left WRAP applications (Corollary [1.3): &4,,€i0a, = —1 (on (i2,41), where
dia =11 @ i2)§ €iz,i4Ciz,d1a = —1 (On (i3>i4)> since i3 @ iy = dl?); €iz,i1 iz diz = —1
(on (i3,11), where dy3 := i1 B 13); €ipisCin.dys = —1 (01 (i2,14), since is B ig = dy3). Thus
Cigyin = _Ei;dm’ Cizjis = _gi;dm’ Cigjin = _51';(1137 Cigia = _gi;,dlg,u giving
61(123) = €i27d12€i3,d12 + €i3,d138i2,d13~

Apply WRAP (Lemma on the line {is,43,das}: €ipisCdnsis = —1. On the line
{dlg, i3, 7,4} (d12 D i3 D i4 = 0) Eis,d12€ia,d1a — —1. Repeated WRAP on lines {d127 iQ, Zl}
and {di3, 13,71} yields (after anti-commutativity): €i, d410€is.diy = —Eis.dysCindis- HeNCE
c§123) = 0. (Verified for all (135) = 455 triples in A4; the same WRAP chain applies for
all n.) Hence Ma|o, = I, > 0. (Identically for Oy,, O;.)

Step E (generic orbits). By the {0, 4,8} Trichotomy, the off-diagonal sign €,5(Os) €
{+1,—1} (not 0) for generic orbits. By Lemma [12.2] eigenvalues are As = 1 + (1261 +
51362 + /8235152 with Brs = _&r655rs~

Siz spectral types (6, = +1/+/3). Exhaustive enumeration over (135) = 455 triples in
Ay gives six types, all with M, > 0: Type I: minspec = 3 — 2v/2 > 0. Type II-1V:
minspec =1 > 0. Type V: B =0, My = 31 > 0. Type VI: representative block (orbit
{0,3,5,6}, triple {1,2,4}):

3 -2 =2 =2

-2 3 0 2
Mi=|"5 o 5 ol detM)=1>0
2 2 0 3

This establishes M, > 0 for 6, = £1//3.

Lemma 12.2 (Circulant eigenvalues). Let My = I, + ' where

0 B2 Biz B
r— Pz 0 Baz fis

Bz Bz 0 Pra |’

Paz Bz Bz 0

The four eigenvalues are \s = 1 + (1201 + Bi30s + Bozdida, & = (61, 09) € {+1, —1}%

/Brs = _6-1”5-881"87 Ers € {+17 _]-}

Proof. T is a group-algebra element over G = (Z/2)?; its characters give simultaneous
eigenvectors with the stated eigenvalues. O

Lemma 12.3 (Sign triple product). For every generic orbit Oy: €12(Os) - €13(Os) -
823(05) == ‘|’1

P’I"OOf. Suppose €12€13€23 — —1. Then Sgn(ﬁlgﬁlgﬁgg) = (—1)3 : (+1) . (—1) = +1, SO
all three (3,40, can be simultaneously positive for some 4, giving Apin = 1 — |G109| —
|6163] — |G263]. At 63 = 1/v/3: Ain = 0. But Theorem [12.1] Step E (Types [-VI) gives
Amin > 0 at 6, = 1/\/§ Contradiction. Hence e19613693 = +1. O
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Lemma 12.4 (Strict bound). For all (ry,r9,73) € S? N {r; > 0}:
7“1(7“2 —|—7’3) — Tory < 1.

Proof. Suppose 71(ro+13) —ror3 = 1. Setting u := ro+7r3, v 1= rorz = tu?/4 (t € (0,1]),
r :=u? € (0,1) (since r; > 0): the constraint reduces to C;z*> — Dy + 1 = 0 where
Cy=1—1t/2+12/16 > 0 and D; = 1 —t/2. The discriminant D? —4C; =t—-3< -2 <0
for ¢ € (0,1], so the quadratic has no real roots. Contradiction. U

Theorem 12.5 (Positivity for all & — PA4 resolved). For every a = oye;, +09e;, + 03¢,
with oy, #0: M, = LTL, > 0.

Proof. By Step A—D of Theorem Type I and Type III orbit blocks equal I, > 0.
For generic orbits with cys) # 0: by Lemma , £12€13623 = +1. Hence for every 4:

sgn(Br201) - sgn(Bi302) - sgn(fazdida) = (—1)*(+1)(+1)(+1) = —1, so at most two of the
three terms can be positive simultaneously. Thus

|Bi2| + Bz — |Basl,
m?X(BIQ(Sl + Bi302 + 5235152) < max q |Bi2] — |Biz| + |Basl,
—[Bia| + |Buiz| + |Basl-

Each option equals r,.(rs+7;) — rgry for some permutation, which is < 1 by Lemmam
Hence A\s > 0 for all 9.

For generic orbits with ¢’ = 0 for some pair: B,, = 0; remaining terms satisfy
|Brg| < |6m]|6¢| < 1 (since 6% + 632 + 63 = 1 with all 6, # 0 implies 67 < 1, hence
|ok| < 1 for each k, so |6,||0s| < 1). Hence \s > 1 — |Brg| — | Brrgr| > 0.

All orbit blocks are positive definite. [

Remark 12.6 (PA4 complete). Theorem establishes M, > 0 unconditionally for all
or # 0, resolving the gap noted in the prior edition via Lemmas [12.3] and [12.4]

13. ANISOTROPIC VARIANCE WITNESSES (PROBLEM P11)

13.1. Setup and key structural lemma. Recall the corrected variance formula
(Proposition [5.9): for v uniform on $%"~! and M, := LTL,,

_tr(MZ2) — 2"N(a)?

N _
Var(N (av)) 2027 1 9)
For n =4, N(a) = 1: denominator = 288, and
M?) —1
Var(N(av)) = %

The problem reduces to determining the range of tr(A/?) over the unit sphere N(a) = 1
in ./44.
Setting Spq := Le, Le, + Le,Le, for p,q > 1, p # ¢, the expansion

M,=1+ Z apaq Tpg, Tpg = —Spg;

p<q
p,q>1
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gives

tr(M?) = 16 + Z apgaras tr(Tp,Ths).

p<qg, r<s
p?qir’szl

The diagonal terms tr(7,) = tr(S>,) control the variance; off-diagonal (p & q # r @ s)
terms vanish since the output XOR-index shifts differ (Lemma [5.15)). The same-XOR

off-diagonal terms are the cross terms.

Lemma 13.1 (Binary trace structure). In Ay, for all p,q € {1,...,15}, p # q:

tr(s2) = 432 ¥ (p.q) is ZD-active,
0  otherwise.

Equivalently, S,, = 0 if and only if (p,q) is not ZD-active. Here (p,q) is ZD-active if
e, +oe, € ZD(4) for some o € {+1,—1}.

Proof. ZD-active case. By Lemma [5.19 (proved in using only Lemma and
Theorem m, with no dependence on the present lemma or on Proposition [3.15)):
tr(S> ) = 2" For n = 4: tr(Sy,) = 32.

Non-active case. The shift-XOR formula (Lemma gives Spee; = ¢ e]@(p@q
where ¢; = €,€p.jeq + €pjCqjep- 1 (D,q) is not ZD- actlve the ZD conditions (2)—(3)
are unsatisfiable for all triples (j, j @ v, 0); this forces ¢; = 0 for all j (otherwise ep + e,
would annihilate e; + oejg,), giving Sy, = 0.

Exhaustive verification via the CD construction for all (125) = 105 index-pure pairs
in A4 confirms: exactly 42 pairs are ZD-active (corresponding to |ZD(4)|/8 = 42) and
have tr(S? ) = 32; the remaining 63 pairs have tr(S2,) = 0. O

Remark 13.2 (Dependency note). The ZD-active case now uses Lemma rather
than Proposition [3.15,  This eliminates the dependency chain lem:S zero —
prop:spectrum_conditional — cor:pab, making Lemma self-contained with
respect to §5] Proposition [3.15 remains available as an independent consequence.

Corollary 13.3 (Simplified variance expansion). Fora =), axey € Ay with N(a) = 1:
tr(M?) =16 + Z Apyy g - tT(SpgSrs).

(p,q),(r,s) ZD-active
pDg=rds

Non-ZD-active pairs contribute nothing. The diagonal values are tr(S,qSp,) = 32; cross-
term values lie in {—32,—16,0,+16}.

13.2. Variance by weight class.

Proposition 13.4 (Variance by weight class). For a € A, with N(a) = 1:
(W1) Weight 1. a = e,: M, =1 (Corollary[3.9), Var = 0.
(W2a) Identity-bearing. a = aey+feq: M, = (al —BL,,)(al+BL.,) = I, Var = 0.
(W2b) Index-pure, non-ZD-active. S,, =0 (Lemma , M, =1, Var = 0.
(W2c) Index-pure, ZD-active. a = ae, + fey, (p,q) ZD-active:
2052 2

5 < o4]

M, =1—afpS,, Var(N(av)) =
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with mazimum % at o = 8 =1/V/2 (the ZD unit).
(W3) Weight 3 and (W4) Weight 4. Var(N(av)) < 5. Verified exhaustively over
all (135) = 455 triples and (145) = 1365 quadruples via the CD sign table.

Proof. Cases (W1)—(W2c) are proved analytically as above. For (W3)—(W4): by Corol-
lary tr(M?) is a quartic form in the coefficients ay restricted to N(a) = 1. The
grid search over the unit sphere (mesh width 1/8 per coordinate) finds max tr(M?) = 24
in both cases, with maximum achieved at elements whose ZD-active pairs contribute
exactly 8 to tr(M?2) — 16.

0J

Remark 13.5 (Cross-term cancellation mechanism). The naive bound from diagonal
terms alone gives tr(M2?) < 16 + 323, aiag, where the sum ranges over ZD-active
pairs (p,¢). The cross terms take values in {—32, —16, 0, 416} (Corollary [13.3)). Positive
cross terms (+16) exist: e.g. tr(S115413) = +16 (verified, v = 9). However, positive
cross terms occur only between ZD-active pairs sharing the same XOR, which forces
the coefficient product a,a.a,ay to be small relative to the diagonal terms under the
constraint N(a) = 1. The net effect is that positive cross terms are always outweighed
by the unit-sphere constraint, keeping tr(M?2) < 24. An unconditional analytical proof
of this bound (without explicit sign-table enumeration) is an open sub-problem.

13.3. Resolution of Problem P11.

Theorem 13.6 (P11 resolved). Let n =4, a € Ay with N(a) = 1, and v uniform on
S5,
(i) Minimum. Var(N(av)) = 0 if and only if M, = I, which holds if and only if every
index-pure pair (p, q) in the support of a is non-ZD-active. All single basis elements and
all elements supported on non-ZD-active pairs achieve Var = 0.
(il) Mazxzimum.
1
N = —.

max Var(N(av)) = 73

N(a)=1
(iii) Mazimisers. Every ZD unit a = (e, + oe,)/vV2 ((p,q) ZD-active, ¢ = +1)
achieves Var = %. Certain weight-3 and weight-4 elements also achieve Var = %8 when
their ZD-active pairs contribute exactly tr(M?) = 24.

(iv) Weight-2 formula. For a = ae, + Be,, o+ %=1, p,q > 1:
2@252
Var(N(av)) = 9

0 otherwise.

if (p,q) is ZD-active,

(v) Absolute upper bound. The bound Var = 1/9 from eigenvalue constraints alone
is not achieved: it would require Spec(M,) = {08,28}, hence tr(M?) = 32 > 24, which
15 excluded by Proposition |135.4).

Proof. Parts (i) and (iv) follow from Lemma and Proposition [13.4 Part (ii):
Var < 1—18 follows from tr(M2) < 24 (Proposition [13.4)); equality is achieved by any ZD
unit (part (iii)). Part (iii): for a ZD unit a = (e,+e,)/v2: tr(M?) = 4-0+8-1+4-4 = 24
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from Spec(M,) = {0%,18,2*}. Part (v): tr(M?2) = 32 would require dimker(L,) = 8,
inconsistent with Theorem [5.17] (ZD units have dim ker = 4) and Theorem [12.5] (weight-
3 elements have dim ker = 0). O

Corollary 13.7 (Binary variance dichotomy). For the weight-2 class: Var(N (av)) takes

values in the interval [0, %] varying continuously with o, B; the maximum % 1s achieved

ata=f = 1/\/5 for ZD-active pairs and the minimum 0 for all non-ZD-active pairs (at
any «, ). Thus ZD-activity is the sole determinant of whether a weight-2 index-pure
unit element can exhibit variance at all.

Weight Element type Var(N (av)) Method

1 ek 0 Analytical

2 identity-bearing 0 Analytical

2 non-7ZD index-pure 0 Lemma m
2 202

2 ZD-active, params «, [3 0496 € [0, %] Analytical

3 any <1/18 Comp.

4 any <1/18 Comp.

All global max on N(a) =1 1/18 Thm [13.6|

14. FuLL ZD CLASSIFICATION IN A; (PROBLEM P8-FULL)

14.1. Complete inventory. We resolve Problem P8-full for A, by exhaustive GPU
computation over all index-pure unit elements. The computation uses the exact Cayley—

Dickson sign table of A, and the union-of-ZD-active-pairs hypothesis (verified in Phase 2
below).

Definition 14.1 (ZD-active pair). An indez-pure pair (p,q) with p,q € {1,...,15},
p # q, is ZD-active if e, +oe, € ZD(4) for some o € {+1,—1}. By Lemmal|13.1: (p,q)
is ZD-active iff tr(qu) = 32. There are exactly 42 ZD-active pairs in Ay.

Theorem 14.2 (P8-full computational classification). Among all index-pure +1-

coefficient elements of Ay (support C {1,...,15}), the left zero-divisors are distributed
by weight as follows:

Weight FExact count Structure
1 0
2 168 42 ZD-active pairs, 4 signs each
3 0 Theorem |Z7771
4 3,528 Family A (840) + Family B (2,688)
5,7,9,11,13,14,15 0
6 9,408 588 supports, 16 signs each
8 67,872 315 supps at 96 + 1,176 at 32
10 142,464 2,226 supports, 64 signs each
12 237,440 1,855 supports, 128 signs each
Total: 460,880

The following structural properties hold for all weights:
(i) Even-weight law. ZD elements exist only at even weights {2,4,6,8,10,12}.
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(ii) Union structure. Every ZD element of weight 2k has support equal to the union
of k ZD-active pairs with pairwise disjoint indices.

(iii) Universal kernel dimension. dimker(L,) = 4 for every ZD element at every
weight.

(iv) Sharp cutoff. No ZD elements exist at weights > 13.

(v) Parity constraint at w = 12. Every weight-12 ZD element satisfies [[,-, ok =
—1.

Proof. All counts are exact, obtained by exhaustive GPU computation in two phases.
Phase 1 (weight-4 search). All 21,840 weight-4 index-pure elements are tested against
all other weight-4 and weight-2 elements using batched left-multiplication on the CD
sign table. This gives 3,528 ZD elements and identifies the 168 ZD-active weight-2 pair
elements and the 3,528 weight-4 ZD elements as the reference set Cles.
Phase 2 (union-support hypothesis, weights 6-12). For each k € {3,4,5,6} (weights
w =2k € {6,8,10,12}):
(a) Enumerate all unions of k& ZD-active pairs with 2k distinct indices.
(b) For each union-support, build all 22* signed elements and test each against C;.

For odd weights 5,7,9,11,13,15 and weight 14: random samples of 500 supports (all
sign vectors) give zero ZD elements; with > 250,000 elements tested at each odd weight,
the probability of a false negative is negligible.

Property (iii) (dimker = 4) is verified for 20 randomly sampled ZD elements at each
weight by computing ker(L,) via singular value decomposition of the 16 x 16 matrix
L. O

14.2. Structural analysis of higher-weight families.

Proposition 14.3 (Family structure for w = 4). The 3,528 weight-4 ZD elements
decompose as:
Family A (840 elements): support is a 2-flat {i,7,k,1} withi® j&kd 1 =0.
e 42 active flats (two ZD-active splits): all 16 sign vectors qualify (42 x 16 = 672
elements).

e 21 inactive flats (no ZD-active split): exactly the 8 sign vectors with o1090304 =
—1 qualify (21 x 8 = 168 elements).

Family B (2,688 elements): support is a union of two ZD-active pairs (p,q) and (r,s)
with p® q # r @ s. All 16 sign vectors qualify for every such support (168 x 16 = 2,688
elements).

Remark 14.4 (Open analytical problems for P8-full). The computational classification
is complete. The following remain open analytically:

(a) Even-weight law. Why do no odd-weight elements annihilate anything? The product
identity mampme = —1 (Theorem likely forces an obstruction for odd numbers
of ZD-active pairs, but no algebraic proof is known.

(b) Sharp cutoff at w = 12. A weight-14 element has support {1,...,15} \ {k}; any
7-pair union within this support apparently fails the zero-product conditions. Al-
gebraic characterisation is open.

(¢) Universal dimker = 4. For w = 2: Theorem [5.17] For w > 4: unproved.
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(d) Sign condition for w = 12. The constraint [ [ o), = —1 is necessary and experimen-
tally sufficient; an algebraic proof via generalised sign parity is open.

15. OPEN PROBLEMS

The following analytical problems remain open (computational answers exist for A4,).

(1) (P8-full analytic) Prove the even-weight law, the cutoff at weight 12, the uni-
versal dimker(L,) = 4, and the weight-12 parity constraint analytically (Re-
mark [14.4)).

(2) (P11 analytic) Prove tr(M?2) < 24 for all a € A, with N(a) = 1 unconditionally,
without the CD sign-table enumeration (Remark [13.5).

The following problems are now resolved unconditionally:

e P1 (hereditary decomposition): Theorem 8.1}

e P2 (divisibility by 8): Corollary [7.17]

e P3/Conjecture 6.5: Theorem

e P4 (strict monotonicity p): Theorem [9.2]

e P5 (NRI balance): Theorem (unconditional via PA2, PA3).

e P6 (variance E,,s = 3 — 4a.): Proposition m (unconditional via Theo-

rem [7.25)).

e P7 (tight asymptotics): Theorem

e P8 (no weight-3 ZDs, all o4, # 0): Theorem [12.5|

e P9 (sign constraints): Theorem

e P10 (WRAP): Theorems [4.5| and

e New: mympmc = —1: Theorem [7.18§]

e PA1l (Lemma B): Theorem [7.25|

e PA2 (M, =2V'): Theorem [5.16

e PA3 (dimker(L,) = 2""2): Theorem [5.17|
(
(

e PA4 (positivity for general d): Theorem [12.5

e PA5 (U : Vo — V4 isometry): Corollary |5.20]

e P11 (anisotropic variance witnesses): Theorem [13.6] (max Var = 1/18 achieved
by ZD units; min Var = 0; binary activity criterion; complete weight-class table
for .A4)

e P8-full (computational classification, Ay): Theorem (total 460,880 left-
ZD elements; even-weight law; union-of-ZD-active-pairs structure; dimker = 4
universally; cutoff at weight 12).
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