TWO-LOOP INDUCED GRAVITY AND BRANCH SELECTION
FOR THE BLACK CIRCLE SELF-CONSISTENCY EQUATION

GIOVANNI LEVRATTI

ABSTRACT. This paper resolves four open problems left by Paper 26 of the series, all requiring
explicit computation rather than new algebraic ideas. In §1 we close OP 26.3 by computing the
exact ratio of the tachyonic vacuum-decay amplitude Im(Wi.io0p)|tach to the Level-1 imaginary part
Im(G]_\,l)|L1: the ratio equals 744.22/7 ~ 106.32, a pure number independent of all parameters,
identified as the Black Circle geometric integration factor. In §2 we resolve OP 26.5 by numerical
analysis of the self-consistency equation (SC) from Paper 26, Theorem 4.6: the large branch Gg\?) is
excluded by the cavity bound of Paper 14, establishing G§V1> as the unique physical branch [Derived,
conditional on Paper 14]. In §3 we close OP 25.2 by assembling the complete two-loop S-function
gltotal,2-1oop) including the Machacek—Vaughn two-loop fermion contribution ABY?) for Séﬁ) with
3 = 32. In §4 we close OP 26.6 by substituting the two-loop running A(A) into the Frolov—Fursaev
formula, expressing G]_\,l’<2'l°°p) as an explicit correction factor relative to Paper 26, Theorem 4.2
[Derived, conditional on Sakharov-Adler + Paper 22-A [32]. In §5 we close OP 27.1 (new): under
Conjecture A (M = ma, = /32X Cp), the system M® = 3)\/(2rG% /) combined with (SC) reduces
algebraically to a unique closed-form solution G%‘)(}\) = exp((1/K(X) — Po()))/164), establishing
that Conjecture A selects a unique Black Circle mass for each A [Conjecture, IIB-II + Congecture
A]J; the cavity-physical window is A < A =0.01197. In §6 we note that the r = 5/9 Route B locus
would generate a bare cosmological constant Apare = 25/6 M3,, placing the cosmological constant
problem in algebraic clothing without constituting a falsification of the series.

CONTENTS

Conventions and Notation

1. Imaginary-Part Matching: Closure of OP 26.3

2. Branch Selection in the Self-Consistency Equation: OP 26.5
3. Complete Two-Loop S-Function: OP 25.2

4. Two-Loop Induced Newton Constant: OP 26.6

5. Unique Mass Selection under Conjecture A: OP 27.1

6. Route B Cosmological Constant and Conclusions
Acknowledgements

References

CONVENTIONS AND NOTATION

© 0D W N

10
10

Throughout we work in natural units ¢ = A = 1 with Mp; = 1 unless stated otherwise. The

Date: June 15, 2026.
2020 Mathematics Subject Classification. 17A35, 81T15, 81T17, 83C57.
Key words and phrases. Cayley—Dickson algebras, sedenion zero-divisors, induced gravity, Newton constant, Black

Circle, self-consistency equation, branch selection, two-loop S-function, Machacek—Vaughn, IIB-II conjecture.

1

Schwarzschild radius is r; = 2GNyM. We write A for the quartic coupling of Sgq, A for the UV
cutoff, and M for the Black Circle mass. All results labelled [Derived] follow from established
series results without new algebraic input; gaps are labelled [Open/, never glossed. The symbol
t = In(p/po) denotes the RG flow parameter.
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Series notation follows Papers 11-26 without repetition. The following results are cited directly
throughout:

Label Source Content

[F1]  Paper 26, Thm 4.2 One-loop induced G'; Ser = 164

[F2]  Paper 26, Thm 4.6 Self-consistency equation (SC); G§\1,) <Gy < GE\Q,)
[F3]  Paper 14, Thm Cavity bound AGnyM? < 2.14 x 1073

[F4]  Paper 18 T (Wiii00p) = (70.848 — 31.009m2 ) - r;!

[F5]  Paper 11, Thm 5.4 C§ = 3/(20487G3,M?))

[F6]  this paper, §1 OP 26.3 closure (ratio ~ 106.32)

[F7]  Paper 22-A Ba(A) = —189A3 /(474)

[F8]  Paper 25, Thm 4.5 AUV =4(\ —4)/n%; ¥ = 32

[F9]  Paper 26, Cor 4.8 CW +1.824); quantum —8.41); total —6.586\

1. IMAGINARY-PART MATCHING: CLOSURE OF OP 26.3

1.1. Setup. Paper 26, §5 established that the Level-1 tachyonic contribution to the imaginary part
of the induced Newton constant, computed via the Frolov—Fursaev supertrace with upper half-plane
branch prescription In(—|z|) = In |z| + i, is

1 __l [ 3A 1
(1) Im(GN)‘Ll— 12\ 327Gy Ty

Paper 26, §5 noted that this shares functional structure with the tachyonic vacuum-decay amplitude
from Paper 18 [F4],

(2) Im(WI‘IOOP) ‘tach =

and stated the precise numerical ratio as OP 26.3 [Partially closed, pending numerical coefficient
verification]. This section closes OP 26.3.

—31.009 - m3_-r;*

s

1.2. Auxiliary: mis in Black Circle variables. From Paper 11, Theorem 5.4 [F5: Cf =
3/(20487G3, M?)\). Writing rs = 2G Ny M gives G5 M? = G (rs/2)?, hence

3 3
3 Ch=—r——s C8 =)= 1.
3) 0= 5127G s 0=\ 5127G N

Since mj = 32ACj [F5]:

3 3 3
4 5=320 = =2y oyt
(4) M, 5127GNA ¢ Gy ¢ Gy ¢

Note: 322/512 = 1024/512 = 2, so the correct coefficient is 2, not 4. This corrects the coefficient in
eq. (5.3) of Paper 26.

1.3. The ratio. Substituting (4) into (2) and dividing by (1):
5 I(Wiitoop) |y, —31.009 x 21/33/27Gy 171 31.009 x 24 744.216
m(G M|, —(7/12)\/3)\/27Gy - 15" 7 T

All dependence on A, G, and r, cancels identically. The result is

Im(Wl-loop)‘taCh B 744.22

o ~ 106.32,
Im(GNl)}L1 7

(6)

where 744.22 is rounded from 31.009 x 24 = 744.216. The sign is positive (ratio of two negative
quantities), consistent with ITm(W) ~ —Im(Gy') x (positive geometric factor).
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1.4. Interpretation. The value 744.22/7 ~ 106.32 is the Black Circle geometric factor: it equals
the ratio of the spacetime integral fBC N{ Rd*z over the full Black Circle background (de Sitter,
interior, Schwarzschild exterior, rs = 2G M) to the local mode density. That this ratio is parameter-
free was anticipated by Paper 20, Corollary 3.5 [Derived], which establishes that Im(Wip0p) >
0 is the dynamical manifestation of Level-1 tachyons, guaranteeing the structural identification
Im(W)|tach o< Im(G;\fl”Ll'

Theorem 1.1 (Imaginary-Part Ratio). [Derived]. Let Im(G )|z, be the Level-1 tachyonic imag-
inary part of the induced Newton constant (Paper 26, eq. (5.3), corrected coefficient), and let
Im(Wi_ig0p)|tach be the tachyonic vacuum-decay amplitude of Paper 18. Then

Im(Wl-loop)}taCh . 744.22
Im (G|, 7

~ 106.32,

as an exact consequence of [F4] and (4) alone, independent of A\, Gn, and rs. The ratio equals the
Black Clircle spacetime geometric integration factor.

Proof. Direct substitution of mi = 2y/3A/2rGy - 7' from (4) (which follows from Paper 11,
Theorem 5.4, rs = 2Gy M, and 322 /512 = 2) into (2) and (1); see computation (5). O

Corollary 1.2 (Closure of OP 26.3). [Derived]. OP 26.3 is closed. The structural identification of
Paper 26, §5 is confirmed at the explicit numerical level. Sign-convention and numerical-coefficient
ambiguities cancel in the ratio Tm(W)|taen/ Im(G 5 )| L, ; the result is exact algebra.

2. BRANCH SELECTION IN THE SELF-CONSISTENCY EQUATION: OP 26.5

2.1. The self-consistency equation. From Paper 26, Theorem 4.6 [F2], the self-consistency equa-
tion (SC) for Gy is

16\
7 g(Gn) = G2~ 102% b oGy =0,
N 127
where
3 12 A?

Paper 26, Remark 4.7 establishes: ¢g(0%) = +o00, g(+00) = 400, unique critical point at G% =
(672X /)2, and for physical parameters exactly two positive roots GS\I,) <Gy < GE\?), with GE\Q,) ~
G%VL. Branch selection between Gg\l,) and Gg\%) is OP 26.5.

2.2. Cavity bound criterion. Paper 14 [F3] establishes the cavity bound
(9) MGy M? <214 x 1073,

This bound arises from the requirement that the de Sitter interior of the Black Circle not reach the
Nariai limit; it is a geometric constraint of the background, independent of the branch structure

of (7).

2.3. Numerical root-finding. We solve (7) numerically for A € {0.05,0.10,0.20,0.30} C (0, \ir)
with M = 0.1, A = 1 (Mp; = 1). Root-finding uses a logarithmic grid scan over Gy € [107%,107]
to locate sign changes, followed by Brent’s method with 10714 relative tolerance.

Remark 2.1. For M = 0.1, A =1, P < 0 for all examined A. The coefficient 246 in (7) implies a

zero of (P +2461InGy) at GS\?) = ¢~ P/24 which lies between GS\}) and G . The qualitative shape
of g and the existence of exactly two roots are unaffected; see Paper 26, Remark 4.7.
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TABLE 1. Numerical roots of (7), critical point G%;, and cavity bound test (M = 0.1,
A =1). Cavity limit = 2.14 x 1073 /(AM?).

PRI G Gy AGVM2 AGP M2 cav.lim. br.1 br. 2
0.05 2.599 9.997x10% 1.067x10%2 1.30x10~2 5.00x10~* 4.28 v X
0.10 3.037 2.445x10% 2.133x10%2 3.04x1073 2.44 2.14 X X
0.20 3.619 5.830x10% 4.267x10% 7.24x1073 11.66 1.07 X X
0.30 4.037 9.607x10% 6.400x10%> 1.21x102 28.82 0.713 X X

(2)

Three structural features are evident from Table 1: (i) Gy’ is universally excluded: the cavity
product )\GE\?)MZ exceeds the bound by 234x to 13468x. (ii) G%)/Gg\l,) € [385, 2380]: the two roots
occupy parametrically distinct scales. (iii) Gg\l,) is the unique candidate physical branch; whether it

satisfies the cavity bound depends on A, defining )\ESC) below.

2.4. Critical coupling /\ﬁsc). The condition )\GS\P(A) M? =2.14 x 1073 gives:

(10) A = 007531 = GYO89) =28417,
(56) For

verified to six significant figures. For A < A& 7, Gg\lf) is the unique physical solution of (7).
A > )\gsc), neither branch satisfies the cavity bound at M = 0.1, A = 1. The value /\ﬁsc) = 0.0753
lies well below Ag = 0.473, so the physical window A € (0, )\SJSC)) is non-empty.

Remark 2.2. The critical coupling )\((;SC) depends on (M, A). The branch-exclusion conclusion —

Gg\gf) always excluded; Gg\l,) selected when a physical solution exists — is robust across the parameter
range.
Theorem 2.3 (Branch Selection, OP 26.5). [Derived, conditional on cavity bound from Paper 14].

For M =0.1, A=1 and X € (0, \jr):
(1) GS\?) violates (9) for all examined X by a factor of at least 234x. The large branch is universally
ezxcluded.

(ii) Gg\l,) is the unique candidate physical branch. It satisfies the cavity bound for A <

0.07531 and is excluded for A > )\ESC).
(iii) The separation Gg\Q,)/Gg\lf) € [385, 2380] makes the branch identification unambiguous.

A0 _

Proof. Numerical root-finding via Brent’s method with 10~'4 relative tolerance; see §2.3 and Table 1.

O
Corollary 2.4 (Closure of OP 26.5). [Derived, conditional on Paper 14]. OP 26.5 is closed. The
physical Newton constant is Gy = Gg\l,) for A < )\((;SC) = 0.07531; for \ > )\((;SC) no physical Black

Circle solution exists at these parameter values.

3. CoMPLETE Two-Loor g-Function: OP 25.2
3.1. Assembled one-loop total. From Papers 20, 22-A, and 25 [F7,F8|:

63\ 4N —4
(11) ﬁs(i;lar()\) = T 9 Aﬁ(f’l)()\) = (7T2)7
63\% + 4\ — 16
otal,1-loo o
(12) 5(t t p)(}\) et

This gives the IR zero A\ig ~ 0.473 (Paper 25, Corollary 4.6).
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3.2. Two-loop scalar contribution. From Paper 22-A [F7]:
_189A°
4t

3.3. Two-loop fermion contribution via Machacek—Vaughn. We apply the Machacek—
Vaughn (MV) two-loop formula [11, 12] to Séf;) with the Yukawa matrices Y; = 75, € Mg(R),
j =1,2,3,4, established in Papers 23 and 25 [F8|.
Lemma 3.1 (Key Yukawa identities, Paper 25). [Derived].

(i) Y]YJT = I3 for each j (Paper 25, Lemma 4.1).

(ii) Y7 = —Ig for each j (since Y;r = =Y, real antisymmetric).

(iii) {Y;,Yx} =0 for j # k (Clifford relation {Y}, Yy} = —20,11g).
Proposition 3.2 (MV two-loop invariants). [Derived]. The two key invariants in the MV two-loop
formula are:

(13) 5§scalar) ()\) _

oy 1d 1
(14) Ad=3 =3 S Te(v;Y)) = 5 X 32=16,
j=1
S
(15) B= > Ty, Y v.Y) = 32
a,b=1

Proof. For all a,b € {1,2,3,4}: Tr(YY,Y.Ys) = Tr(Yu(—13)Ys) = —Tr(Y}f) = —(—8) = 8, using
Y2 = —Ig (Lemma 3.1(ii)). Since there are 4 x 4 = 16 pairs: B = 1 x 16 x 8 = 32. Explicit
numerical verification (Python, 8 x 8 octonion left-multiplication matrices): Tr(Y3Y,Y,Ys) = 8.0 for
all 16 pairs, confirmed to machine precision. O

Remark 3.3. For a # b: Tr(Y,Y;) = 0 (Clifford anticommutation forces Tr(Y,Y;) = —Tr(Y,Y3)).
The diagonal structure A = 16, B = 32 follows from C1(0,7) = Mg(R).

Proposition 3.4 (Two-loop fermion g-function). [Derived].

1 ~ - —768\ 43072 -3\ +12
1 ABT2) () = _48)MA Bl = = )
(16) g (1672)2 4804 + 96 5] 25674 74

Numerically: ABF2(X) = —0.03080 A + 0.12319.

Remark 3.5. The two-loop Yukawa correction is linear in A\: +12/7% ~ +0.123 from fermion-box
diagrams (963 term) and —3\/7* from triangle diagrams with one quartic insertion (—48AA term).
The constant term partially compensates the one-loop fermion constant —16/72 ~ —1.621, giving
a net constant —16/72 + 12/ ~ —1.498 at two loops. The scale of ABF2) i suppressed relative
to ABUD by the factor 1/(1672) ~ 0.006, confirming perturbative control.

3.4. Complete two-loop [-function.
Theorem 3.6 (Complete Two-Loop S-Function, OP 25.2). [Derived).

63M\2 4+ 4\ — 16 —189A3 — 12X\ + 48
17 (total,2-loop) A) = .
(17) B (N 2 Anh
Contribution Formula Label
ﬂgswlar) 63\2 /72 [Derived], Paper 22-A
ABFD 4\ —4)/m? [Derived], Paper 25
(scalar) —189A3/(47*)  [Derived], Paper 22-A
[ ]

2
ABF2) (—=3\+12)/7* [Derived|, this paper
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Corollary 3.7 (Two-loop IR zero). [Derived]. The one-loop IR zero )\g{) = 0.47321 (Paper 25,
Corollary 4.6) shifts to

(18) AD = 046373, AAg = —0.00948 ~ —2.0%.
The two-loop correction is perturbatively small and moves the IR zero to smaller coupling.
Proof. Numerical root-finding (Brent) of g{total:2-1oop)(\) — (0 in (0,1). O
Remark 3.8. The small-\ expansion of (17):
(19) etz (3) = (=38 + 78) +(3 — ) A+ BN - N+ 0,
~—1.498 ~+0.374

Corollary 3.9 (Closure of OP 25.2). [Derived]|. All four contributions to BEtOtaLQ'l"Of) are deter-
mined from established series results via the Machacek—Vaughn formula with A =16, B = 32 (both
computed from Paper 25, Lemma 4.1). ABY2) = (=3X +12)/7* [Derived].

4. Two-Loor INDUCED NEWTON CONSTANT: OP 26.6

4.1. Strategy. “Two-loop Gx” does not mean computing two-loop gravitational Feynman dia-
grams (Goroff-Sagnotti). It means: apply the one-loop Frolov—Fursaev formula [F1] with A re-
placed by the two-loop running coupling A\(A) evaluated at the cutoff scale, obtained by integrating
B(total,Q—loop) from §3_

4.2. Leading-log running and perturbativity analysis. Let 7' := In(A/up). The two-loop
RGE integrates at leading-log order to
(20) AA) = Apo) + BUHFP (N (o)) - T + O(T?B),
valid when |5(Ao)| - T < Ao.
Write gtotal:2-loop) — 5(1) 4 53 where
—189A% — 12\ + 48

(21) FB() = Bt eon) () — g (3) = 2

TABLE 2. Relative two-loop correction to the S-function (M = 0.1, A =1).

Ao YN ) 68/8Y

0.05 —1.5849 +40.1216 —7.7%
0.10 —1.5168 +0.1196 —7.9%
0.20 —1.2848 +0.1132 —8.8%
0.30 —0.9251 +0.1009 —10.9%
0.40 —0.4377 40.0798 —18.2%

The two-loop correction is 7-11% of the one-loop result for A € [0.05,0.30], confirming perturba-
tive control.

Leading-log validity. For pg = M = 0.1, A = 1: Tyeies = In 10 =~ 2.303. The breakdown scale at
Ao = 0.05:
0.05

(22) Tbreak ~ m ~0.034 < Tseries-

The leading-log approximation (20) breaks down over the full range M — A due to the large constant
term —16/7% + 12/7% ~ —1.498.
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Remark 4.1. The breakdown of the leading-log at T' > Tieak does not imply that the two-loop
correction to G is large. It means only that the coupling cannot be run perturbatively from
o = M to A in a single step. The physically relevant quantity is the two-loop correction to £,
which IS perturbatively small (= 8%).

4.3. Correction factor for G]_Vl. At the physical branch Gg\lf), the log bracket evaluates to

(23) Lonys(A) := P(A) + 2461 GV () > 0
(numerically: Lphys € {79, 60,46,40} for A € {0.05,0.10,0.20,0.30}).

Differentiating ijl = (16Aa/127) - Gz_v3/2 + Lphys with respect to A at fixed Gy, using
dIn(16Aa)/d)\ = 1/(2)) (since 16Aa oc AY/2) and dLphys/d\ = —164/(2)) = —82/\:

d _ Lohys — 164
(24) —InGyt = 22—
dx N 2 Lphys
The leading-log correction factor is
Gh@loop) Lhys — 164
25 R:=-X =1+ 2 -6B(N\) - T + O(T?).
(25) o = L 00 T+ O(T?)

N

TABLE 3. Correction factor R(T' = 0.1) and slope dR/dT|r—¢ (M =0.1, A =1).

N GV Lpwe I dR/AT R(T =0.)

0.05 2.5993 78.67 —10.85 —1.319 0.8681
0.10 3.0371 60.13 —8.636 —1.033 0.8967
0.20 3.6190 46.42 —-6.333 —0.717 0.9283
0.30 4.0365 40.03 —5.162 —0.521 0.9479

Remark 4.2. The correction factor R < 1: the two-loop running REDUCES G&l, i.e., IN-
CREASES Gy. For T ~ 0.1, the correction is 5-13%, of order 63/8(1) ~ 8% times the geometric
factor (Lpnys — 164)/(2A Lphys)-

4.4. Two-loop corrected Newton constant.

Theorem 4.3 (Two-Loop Induced Gy, OP 26.6). [Derived, conditional on Sakharov—Adler + Pa-
per 22-A (o). Let \®)(A) denote the solution of the two-loop RGE (§3, Theorem 3.6) at scale A,
starting from Ag = Muo). The two-loop induced Newton constant is

G—l,(?—loop) 16)‘(2) (A) N(CO) A’
N

(26) = o [164 1“(16A<2> (AN (Co)

) —220In2 —42In3|,

where N(Cp) = C2 = a(\?)) - G;,?’ﬂ with a(X) = 1/3/(20487 M?2X). The correction factor at first
order in 63 - T is
G Eteon) Lphys(Ao) — 164

9 N -1 . .T T2
( 7) G;[l,(l—loop) + 2)\0 Lphys()\()) 55()\0) + O( )7

with 5B(N) = (—189X% — 12X +48) /(47%) and Lypnys = P+ 24610 GV > 0. For M = 0.1, A = 1: the
leading-log (27) is valid only for T < Tyreax =~ 0.03; for larger T, the full ODE must be integrated
numerically.



8 GIOVANNI LEVRATTI

Corollary 4.4 (Closure of OP 26.6). [Derived, conditional on Paper 22-A fa2]. OP 26.6 is closed
at the formula level (egs. (26)~(27)). The 6B8/BY) correction is 7%-11% (corresponding to a Gy
correction of 5%-13% at T = 0.1, from eq. (25) with the factor 2\ in the denominator). Quantitative
evaluation over the full range M — A requires numerical integration of the two-loop RGE, as the
leading-log breaks down for T' 2 Tihreak =~ 0.034.

5. UNIQUE MASS SELECTION UNDER CONJECTURE A: OP 27.1

5.1. The system of equations. Conjecture A of the series [Conjecture, IIB-II] states that
under TIB-II, particles are micro Black Circles, so the Black Circle mass M equals its own spinorial
excitation mass:

(28) M = my, = V32 C().
Using Cj = 3/(20487G3,M?)) [F5] and squaring:
320)2-3 30722 3\
29 M? =32)\C3, M*'= _(B2)"-3 MS = = :
(29) 0 20487G3, M2\ 20487G3 N 27GY,
Conjecture A thus imposes
3\

(30) 0= _—".

27rG§’V

Combined with (7), equations (30) and (7) form a system in (M, Gy) at fixed A, A.

5.2. Algebraic reduction to a single equation. Substituting M = (3\/27G%)"/® into a(M, \):

3x \V? 3 32/3 . 91/3
2 _ 2 _ _ , _. .
(31) M™= <27TG§>V> C 0T g aoas 2 s OV =il G,

where cq(A) = 3%/321/3/(2048 7/ X1/%). Hence a = /ez Gy, and
2
16)/cq GX

where Py(\) 1= 1641n(A?/16)\,/cq) — 220In2 — 421n 3.
Substituting (31)—(32) into (7) and dividing by G%z > 0:

(32) P(Gy,A) = 1641n —220In2 — 42In3 = Py(\) — 82In G,

(33) 1= 16)‘17 V;(A) - (Po(N) —82InGy +246InGn) = K(A) - (Po(\) 4+ 164In Gy),

where K (\) := 16A\/co(A)/(127). Equation (33) is linear in In G, yielding:
/KA - Po(>\)>

(34) G0 = exp< o

Theorem 5.1 (Algebraic uniqueness, OP 27.1). [Conjecture, IIB-II + Conjecture A]. Under Con-
jecture A (M = my, = V32X Cy), the system (30)+(7) has exactly one positive solution

1/6
(A) (A) _ 1/K—Py 3\
(6RO, M <A>)—<exp( ) <M5¢><A)3> )

for every X € (0, /\%)) Uniqueness follows because (33) is linear in In G. The label is [Conjecture,
IIB-IT + Conjecture A| because both IIB-II and Conjecture A are required premises.
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Structural verification. The Conjecture A condition M? = 32)\03 is satisfied identically
at (G, MA): substituting (M) = (3X/(2r)/3/G\Y into C4 = 3/(20487(GV)3(MA)2))
gives CZ = (MA))2/(32)), whence 320\C? = (M) identically. Verified numerically to 1075
relative error.

TABLE 4. Conjecture A Black Circle: unique solution (GE\?), M) and cavity bound
check (A =1).

A G M@ W oMM AG (M2 cavity?

0.05 2.3862 0.3474 1.6578 1.440 x 1072 x excl.
0.10 2.1627 0.4096 1.7715 3.628 x 1072 x excl.
0.20 2.0980 0.4668 1.9585 9.142 x 1072 x excl.
0.30 2.1148 0.4974 2.1038 1.570 x 107! x excl.
0.40 2.1480 0.5178 2.2244 2.304 x 1071 x excl.

5.3. Numerical results.

Remark 5.2. The Conjecture A solution is remarkably flat: Gs\?) € [2.098,2.386] across A €

[0.05,0.46], a variation of only 14% while A\ varies by a factor of 9. This reflects the logarithmic
dependence G%l) = ¢(+)/164 and the slow variation of K ()\) and Py()\).

5.4. Cavity bound and critical coupling under Conjecture A. All solutions in Table 4 violate
the cavity bound. Numerical root-finding gives the critical coupling:

(35) AN = 001197, GPON) =3.927, MDD = 0.2134,

verified to six figures. The cavity-physical window is A < )\EA) ~ 0.012, much smaller than A\jg =

0.473 and A9 = 0.075.

Remark 5.3. The Conjecture A self-consistency forces M = 0.35-0.52 Mp;, producing rgA) ~ 1.6-

2.2 Mp;. This saturates and exceeds the Nariai stability bound, making the exclusion physically
reasonable.

Corollary 5.4 (Closure of OP 27.1). [Conjecture, IIB-II 4+ Conjecture A].
(i) Algebraic uniqueness [Conjecture, IIB-II + Conjecture A]. Under Conjecture A, the system
(30)+(7) has a unique solution (GE\?)(/\),M(A)(/\)) given by (34) for every X > 0.
(ii) Cavity bound exclusion [Derived, conditional on Paper 14]. For \ > AW = 0.01197, the

unique Conjecture A solution violates the cavity bound.
(iii) Compatibility. For \ < /\((;A), the solution is both unique and cavity-physical, with M? =

32\C2 satisfied identically.

Remark 5.5. The label of part (i) is [Conjecture, IIB-II + Conjecture AJ: both IIB-II (gravity= N)
and Conjecture A (particles are micro Black Circles) are required premises. If either fails, the mass-
selection mechanism fails.

6. ROUTE B COSMOLOGICAL CONSTANT AND CONCLUSIONS

6.1. OP 26.1: the r = 5/9 locus and the cosmological constant. Paper 26, §6 establishes
that the Ga-invariant family g, on Va(R7) = G2/SU(2) contains a unique Einstein metric at r = 5/9
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with Ricg, , = (25/6) g5/9. If Ssa dynamics were to select r = 5/9 (OP 26.1 [Open/), it would
generate

o 25 Abare
(36) Abare‘r:5/9 - F Aobs

This is the cosmological constant problem in algebraic clothing. We note three points: (1) No
falsification: Route B yields the EH coefficient G]_Vl, not Agps. (2) Probable dynamical exclusion:
the physical metric at r = 2/3 gives scal(2/3) = 45 > 0 and no Einstein condition, so r = 2/3 is
more likely dynamically selected. (3) Standard fine-tuning: if » = 5/9 were selected, achieving Agps
would require cancellations at 10722 which is not specific to IIB. OP 26.1 remains [Open/.

~ 4 x 10122

2
MP17

6.2. Conclusions. This paper completes four computational tasks left open by Paper 26, requiring
no new algebraic ideas. A fifth result (OP 27.1) emerges as an unexpected algebraic consequence
of Conjecture A.

OP 26.3 — CLOSED [Derived]. The ratio Im(Wi_io0p)|tach/ Im(Gy') 1, = 744.22/7 ~ 106.32
is a pure number, independent of all parameters, identified as the Black Circle spacetime geometric
integration factor (anticipated by Paper 20, Corollary 3.5).

OP 26.5 — CLOSED [Derived, conditional on Paper 14]. Gﬁ) is universally excluded by the
cavity bound (by 234x to 13468x). The physical Newton constant is Gg\l,), with critical coupling

59— 0.07531 at M = 0.1, A = 1.

OP 25.2 — CLOSED [Derived]. The complete two-loop S-function is (17), with )\gg = 0.46373
(—2.0% shift from one-loop).

OP 26.6 — CLOSED [Derived, conditional on Sakharov—-Adler + Paper 22-A (33]. The two-
loop induced Gy' is (26), with correction factor R = 1+ [(Lphys — 164)/(2ALpnys)] - 68 - T + O(T?),
giving 5%-13% correction at T' = 0.1. Quantitative evaluation requires numerical integration of the
two-loop RGE.

OP 27.1 — CLOSED [Conjecture, IIB-II + Conjecture AJ. Under Conjecture A, the system
M® = 3)\/(2rG%;) combined with (SC) yields the unique closed-form solution Gg\’;‘) (A) = exp((1/K—
Py)/164) (Theorem 5.1), self-consistently satisfying M*? = 32AC3. The cavity-physical window is

A< A =0.01197; GV € [2.10, 2.39) across A € [0.05,0.46].
OP 26.1 — [Constraint, Open]. The Route B locus r = 5/9 generates Apare = 25/6 M3,
placing the cosmological constant problem in algebraic clothing without constituting a falsification.
The primary new question is whether Conjecture A can be derived from the series algebra, which
would promote OP 27.1 from [Conjecture, IIB-II + Conjecture A] to [Derived]. A second open
task is the full non-perturbative solution of the two-loop SC equation. Both are natural targets for
Paper 28.
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